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Abstract

In this Bachelor thesis project, the Lindblad master equation is derived, both as the most general way
of modeling interaction with an environment that lacks memory, and through microscopic derivations
focused on assumptions about the way the system interacts with its environment (weak-coupling, Born-
Markov and rotating wave approximations). It is then applied to a two-level system (qubit).
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Chapter 1

Introduction

1.1 General framework

Quantum mechanics governs the physics of microscopical systems. There are a number of differences
between quantum mechanics and classical mechanics. In classical mechanics, predictions about systems
are deterministic - a system with a given initial state will always evolve in the same way. In quantum
mechanics, however, predictions are probablistic. Quantum mechanics can only give probabilities for
various outcomes - if an experiment is performed many times in a row, the result will eventually converge
to the distribution predicted by theory[2].

Real quantum systems are subject to interaction with an uncontrollable environment. These systems are
known as open quantum systems. When modeling open quantum systems, the system and environment
are considered together. A wavefunction describing the full environment will typically contain a large
amount of information due to the environment having many degrees of freedom, which makes solving
the Schrodinger equation computationally expensive. It is also often hard to devise detailed models of
the interactions between the system and environment. Therefore, one often derives equations for the
dynamics of the system only; in the case of an environment that lacks memory, the Lindblad master
equation is used[2].

The Lindblad master equation is different from the Schrédinger equation in multiple ways; first of all, it
describes time evolution of a density matrix rather than a wavefunction. A density matrix corresponds
to a statistical ensemble of wavefunctions; for example, wavefunction A with a probability of 25% and
wavefunction B with a probability of 75%. This is known as a mixed state[2]. The mixed state arises when
computing the partial trace over the environment, isolating the system state from redundant information
about the environment. Due to the interaction with the environment, the system will no longer evolve
in time according to the Schrodinger equation. The interaction with the environment will express itself
as a perturbed system Hamiltonian as well as dissipation through Lindblad operators[2].

In the case of an open system modeled by the Lindblad master equation, the dissipation of the environment
is described by Lindblad operator. The time evolution with Lindblad operators occurs through drift and
jump processes|[4].

1.2 The tensor product; observables

The state of a quantum system is a vector in a Hilbert space. In an open quantum system, the full system
is the system of interest considered together with its environment. This is a vector in the tensor product
of the system and environment Hilbert spaces[3]. The tensor product is a vector space in which each pair
of basis vectors (Ja), |8)) from the two Hilbert spaces form a new basis vector |a3). Observables for the
system are represented by the operator tensor product Og ® Ig, while observables for the environment
are represented by the tensor product Ig ® Op. The interaction with the environment will lead to the
system developing entanglement with the environment.
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1.3 The partial trace; origin of the mixed states

Consider the observable Og ® I. If the composite system state is >, 5 cag|3), where a are taken to
be the eigenvectors of Og, the expectation value will be

(0s) = Oalcapl®. (1.1)
B

When deducing equations for the time evolution of the open system, the environment is typically traced
out. This means replacing the wavefunction in the tensor product space with a statistical ensemble of
wavefunctions in the system Hilbert space:

|a) with probability p, = Z |cO¢5|2 . (1.2)
B
The expectation value is then written as:
(Og) = Zpa (a|Og] ). (1.3)

A statistical ensemble is also known as a mixed state. Mixed states have a representation known as
density matrices:

p=3 pala)al. (1.4)

This representation is useful when deriving so-called master equations for the time evolution of the
reduced system.

1.4 Equations for open systems

An open quantum system is a quantum system that is coupled to an environment. When quantum
systems are composed they form a tensor product. This tensor product will evolve in time according to
the Schrédinger equation:

Dr(t) = —iH(ty(d). (L5)

Integration of the time evolution gives

¢@—<1im{{[H@@D¢@. (1.6)

This motivates the introduction of a time evolution operator U(t,tg) = T exp [—i j;to H(s)ds}, where

T, is the time-ordering operator. If the Hamiltonian is independent of time, that is, if H(t) = Hy,
then the time evolution operator becomes U(t,ty) = exp[—iHo(t —tg)]- The time evolution of the
system-+environment density matrix p is given by the von Neumann equation[2]

Orp = [~iH,p)]. (L.7)
Integration of this equation yields
t

plt) = p(0) =i [ (5] ds. (18)

which is commonly used in microscopic derivations. Taking the partial trace over the environment:
trp0yp = trp [—iH, p], (1.9)

implying

Oips = Otrpp = trp [—iH, p] . (1.10)

To eliminate the dependence on the state of the environment, it is usually assumed to reside in a reference
state pp. The environment could for example be a heat bath in a thermal equilibrium|[2]:

Ops = trp [—iH, ps(t) ® pp]. (1.11)
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1.5 The Lindblad master equation

The Lindblad master equation is stated as:

Bup = —i[H,p| + Z'y (LipL;r - % {LjLi,p}) . (1.12)

This governs the time evolution of a density matrix p subject to the perturbed system Hamiltonian
H and dissipation through the Lindblad operators L;. Mathematically the Lindblad master equation
arises as the most general generator of the quantum dynamical semigroup. Physically it may arise as
the equation describing the dynamics of a system subject to weak coupling to a reservoir where the
inverse frequency difference 75 is much smaller than the system relaxation time (time scale over which
the system density matrix changes apprechiably); 7¢ << 7x and the time 75 over which the environment
correlation functions decay; 75 << 7Tg, the environment time scale[2].
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Open quantum systems

An open quantum system is a system that is in contact with an environment (see Figure 2.1). It is found
that an initial pure quantum state (that is, a vector in the state space) evolves into a statistical ensemble,
or mixed quantum state. A mixed quantum state is described by a density matrix; an operator that
acts on the system Hilbert space[1]. Time evolution of a mixed state is, in the case of a closed system,
governed by the von Neumann equation. In the case of an open system where the environment lacks
memeory, time evolution of the mixed state is governed by the Lindblad master equation[2].

(S+ B,Hs @ Hp, p)

Aga Hs, PS‘)_’

System

(BaHBHOB)

Environment

Figure 2.1: Total system formed from system and environment; figure courtesy of [2].

2.1 Mixed states and density matrix theory

Consider a statistical ensemble (mixed state) of (pure) states {|¢i>}f\;o each with probability p;. This
we represent, using a density matrix, which is a matrix p that can be expressed as the sum:

p= Zpi i) (il - (2.1)

where the p; express probabilities for the various states |¢;), and thus fulfil p; > 0 and ), p;, = 1[3].

This representation is not unique; in fact, for density matrices that represent mixed states, there are

many ways of expressing it in terms of pure states [2]. The time evolution of a density matrix is unique,

decided by the von Neumann equation. Many computations on density matrices are performed using

the trace operation. The trace of a Hermitian matrix O on a Hilbert space H with orthonormal basis
N .

{|¥i)};_, is defined as the sum:
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TrO = Zwi 0 i) . (2.2)

Sometimes, we may consider a Hilbert space H = H 4 ® Hp that is a tensor product of the Hilbert spaces

H 4, with ON-basis {|¢A } and Hp, with ON-basis {|¢ZB>}£O. The partial trace with regards to
H g is then defined as:

=0’

Trp0 = 3 (6 0] 0F). (2.3)

which is an operator acting on H 4. The value <¢1B |O| wiB> is defined as the sum:
>k <¢1?¢;B |O| 1/),?1/)?) |1/),‘3> <¢;€4‘. A consequence of this definition is that TrO = Tr,TrgO.
We list a number of properties of density matrices[3]:

1. Trace equals to one.

Trp=1. (2.4)
2. It is positive semi-definite.
p>0 (2.5)
3. It is Hermitian.
ph=0p (2.6)

How do we show these properties? We have

Trp=> (Wil | D _pi ) (W5l | lvi) = ZZ% (Wi [ ) (j i ) sz—l (2.7)
% J

showing the first property. We have
Q|p|q sz qW’z 7/11 |q sz Q|w1 (28)

showing the second property. The third property follows from the second, as all matrices are diagonalizable
over C, and positivity ensures real eigenvalues. Diagonalizability with real eigenvalues implies that a
matrix is Hermitian. Any matrix that fullfils properties 1 and 2 will be a density matrix, as it can be
written as a spectral decomposition according to p = > \; |€;) (€;|where |¢;] = 1, and Trp = > A, = 1.
Should any of the A; fail to be greater than or equal to zero, p would not be a positive matrix. Expectation
values of observables are expressed in terms of the trace of the observable when multiplied by the density
matrix. The expectation value of an observable A for a state represented by the density matrix p is given
by

(A) = Tr (Ap) . (2.9)
Ay =3 i (A =D pi (Wil Ala) = 3 ps (i | AT 1) =
=D _pi (i lAl5) (i) = 3 <¢] A (Zpi i) <wi|> | wj> =Tr(4p).  (210)

i,j J
How does a density matrix evolve in time? We have, by the product rule:

Op = Z i [Pi) (Yi| = Zpi ([902) (Ol + |Oeabi) (i) - (2.11)

We have

The Shrodinger equation in theoretical units gives 0;¢) = —iH4, insertion into 2.11 yields:
Op = _pi <sz ([9i) (—iHi| + |[—iH;) <1/1i|)> =ipH —iHp = [—iH, p]. (2.12)

This is known as the von Neumann equation.

Convex linear combinations of density matrices, that is, linear combinations Y p;p; where p; > 0 and
> p; = 1 form new density matrices.

The quantity Tr p? is known as the purity of the density matrix p. The purity ranges between 1/N and
1, where N is the dimension of the Hilbert space, and is 1 if and only if p is a pure state[2]. Purity
is preserved under time evolution according to the von Neumann equation[3]. (That is, unitary time
evolution.)
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2.2 The Bloch sphere

Consider a two-level system; that is, a system with a Hilbert space spanned by two basis vectors which
we denote by |0) and |1). A density matrix for this system will have size 2 x 2. A basis for the space
of matrices acting on a two-dimensional Hilbert space is given by the identity together with the Pauli
matrices o, o, and o, defined as|[6]:

agﬂz((l) é),ayz(? _Oi>,o—z=((1) 01>. (2.13)

Let p = a (I + ngo, + nyoy +n.o,). The trace of a density matrix should be unity, giving
Trp=2a=1. (2.14)

The purity can be expressed as

1 1
Trp? :ZTr (I +n202 4 nioi + ngog) = iTr (I +n2l + n?JI + ngI)
1
-5 (1 + |ﬁ|2) . (2.15)

This should range between 1/N and 1[3], which implies that

1
Trp® < 1 :>§(1+|ﬁ|2) <1 =
— |a]> < 1. (2.16)

In other words, n will be a vector within the unit sphere. If 72 is on the surface of the unit sphere, the
density matrix represents a pure state, otherwise it represents a mixed state[6]. Points on the surface of
this sphere can be expressed in terms of spherical coordinates:

) = a]0) 4 B 1) = €' (cos g |0) + sin gew |1>) : (2.17)

the phase factor e?0 has no effect on the physics on the system, and so can be ignored. This yields the
Bloch sphere representation of the ket vector, where 6 varies between 0 and 7, and ¢ varies between 0
and 27.

2.3 The interaction picture

When studying the dynamics of a quantum system, we typically want to see how a set of observables
evolve in time. There are multiple ways of considering the time evolution of a system. One is the
Schrédinger picture, in which the wavefunction has some prescribed initial state and evolves in time
according to the Schrédinger equation. An alternative to the Schrédinger picture is the Heissenberg
picture, in which the observables evolve in time and the wavefunction is constant. For composite quantum
systems, there is a third way known as the interaction picture. In the interaction picture, the full system
Hamiltonian is separated into the self-Hamiltonians Hg and Hpg acting on the individual systems and
the (schrédinger picture) interaction Hamiltonian Hipt ®)[2]:

H(t)=Hs® Ip+ Is ® Hp + Hini(t) = Ho + Hini(1). (2.18)

The density matrix evolves in time according to the interaction Hamiltonian, while observables evolve
according to the self-Hamiltonians. We derive the interaction picture density matrix and interaction
picture observables from the Schrédinger picture. This is accomplished by assuming the expectation
values of observables to be the same over time.

2.3.1 Time evolution operators

Definition 2.3.1. Time evolution operator. The time evolution operator corresponding to a system
with the hamiltonian H (¢) is defined as|2]

U (b1, o) = T'_exp [—z’ /tt dsH(s)] . (2.19)
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where the T is the time-ordering operator. In the case of a time-independent hamiltonian, we obtain:
U (tl, to) = exXp [—iH (tl — to)] . (2.20)

2.3.2 Schrédinger picture

In the Schrédinger picture, we have an initial density matrix p (0) that evolves in time according to a
time evolution operator U (t)[2]:
p()=U®)pO)U' (¢). (2.21)

The expectation value of an observable A () may be computed according to[2]

(A1) =Tr[A(t) p(1)] . (2.22)
Expressing the time evolution of the density matrix in terms of the Hamiltonian yields the von Neumann
equation:

Op (t) = [—iH (), p (1)]- (2.23)

2.3.3 Heissenberg picture

In the Heissenberg picture, the density matrix pg is fixed and the operators evolve in time according[2]:

(A p(t)) = (AU 1) p(0)UT (1)) = (U () AU (t) p(0)) = (Am (t) pr) - (2.24)

Expressing the time evolution of the operator in terms of the Hamiltonian yields

A (1) = 0, (UT () AU (1) = (—HOU ) ADU() - UT () A(~iH@OU ) = [~iH (1), A (1))

2.25)
2.3.4 Interaction picture
We have the full system Hamiltonian
H(t) = Ho + Hin(t). (2.26)
Time evolution operators are introduced according to[2]
¢
U(t) =T exp {—i H(s)ds] , (2.27)
to
Uy = exp [—iHot] , (2.28)
Us(t) = USU(t). (2.29)

Here, U(t) is the time evolution for the full Hamiltonian, while Uy the time evolution due to the self-
Hamiltonians. The U; operators can be interpreted as letting the system evolve according to the full
Hamiltonian while reversing the time evolution caused by the self-Hamiltonians, yielding interaction time
evolution operators. Now consider an expectation value first expressed with Schrédinger picture density
matrix p (t) and operator A (¢):

(A1) =Tr[A () p(t)] = Tr [A () U®)p(O)U ()] =

sﬁpm%mo<ﬂ%mwﬂ
—Tr [UgA( ) UoUs (%) T}
~Tr [A1 (t) pr (8)]. (2:30)

AU (t) =0,ULU (t) = (—iHoUp) U (t) + Ul (—iH (t) U (t)) =
=iU$ HoUoUy () — iUg (Ho + i (t)) UoUs (t) =
= — ZUO int ( ) U()U[ (t) . (231)
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Introducing the interaction picture interaction Hamiltonian H;,; = Ug ﬁim (t) Uy allows writing this
relation in a more succint form

U (t) = —iHp (0) Up () . (2.32)
The time evolution of the density matrix can therefore be written as

Ocpr (t) = [—iHine (1), p1 (¢)] .- (2.33)

And the time evolution of observables can be written as

8 A; () =0, (Ug A(t) U0> —UJA(W) Uy + ULA () U] =

—iHoUJ A (t) Uy — iUS A (t) UgHy =
=[iHo, Ar (t)]. (2.34)
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The Lindblad master equation

3.1 Statement of the Lindblad master equation: general theorems

The Lindblad master equation describes the Markovian time evolution of an open quantum systems;
that is, time evolution of an open system that interacts with an environment which lacks memory[3].

Definition 3.1.1. The Lindblad master equation (diagonal form)
. 1
Op=—i[H,pl+ > i (LmLI —3 {LILi,p}> : (3.1)

where 7; > 0.

Here H is the Hamiltonian (not necessarily the same as the closed-system Hamiltonian), and L; is the
Lindblad operator. The Lindblad operator L; both contributes to the continous time evolution of the

system with the {LIL“ p} term (the drift part), and introduces discontinous time evolution with the

LipLZT term (the jump part).[3] In the limiting case +; = 0Vi, the von Neumann equation is obtained.
There are multiple ways in which the Lindblad master equation can be obtained. It is the most general
way to express Markovian time evolution of an open system. Microscopic derivations under suitable
assumptions also result in the Lindblad master equation, with the Lindblad operators expressed in terms
of the interaction Hamiltonian[2].

When deriving the Lindblad master equation, it is common to end up with a form that is not already
diagonalized.

Definition 3.1.2. The Lindblad master equation (first standard form)

1

n,m

where h,, is a positive semidefinite matrix|[2].
The following theorem can be used to obtain the Lindblad master equation in diagonal form:

Teorem 3.1.3. The Lindblad master equation in the diagonal form can be obtained through diagonalization
of the first standard form, a transformation which is always possible.

The Lindblad equation fulfils the following invariance properties:

Teorem 3.1.4. The Lindblad master equation is invariant under the unitary transformation v[2]
VAL = AL =Y v AL (3:3)
J

and also under the inhomogeneous transformation[2]

1 *
H%H’:H+27.Z’Yj (%LJ*“J’LDJFM' (3.5)
J

11
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The second transformation may be used to obtain traceless Lindblad operators. Finally, the Lindblad
master equation is capable of fully describing the Markovian dynamics of all open quantum systems,
stated as:

Teorem 3.1.5. The Lindblad master equation is the most general generator of the quantum dynamical
semigroup. [2]

3.2 Interpretation of the Lindblad operators

What effect do the Lindblad operators have on the dynamics of the system? We know that they,
together with a perturbation to the system Hamiltonian, model the interaction of the open system with
the environment. To illustrate the various ways in which a Lindblad operator can act on a density
matrix, we consider the case of a two-dimensional system Hilbert space (one example of such a system
is a qubit). The Lindblad operator L is chosen to be traceless.

The Lindblad master equation describes how the density matrix evolves in time

Oup = —i[H,pl +LpL' — JL'Lp— JpLIL. (3.6)

Consider the time evolution over a short time step 0¢[4]:

p(t+6t) =p(t) + 6t - Bup(t) = p(t) — idt [H, p| — %(RLTLp - g(stpLTL +AStLpLt =
= — it [H, p] + MopM{ + MypM]. (3.7)
where we have introduced the self-adjoint operators

My=1— L&LTL (3.8)

and

= \/0tL. (3.9)

the drift and jump part, respectively. What do these operators do to a pure state |¢) (/|7 We see that

2 L) (Ly
My o) 01 M] = (V) (o |22 o) R (3.10)
which represents a jump to a pure state with probability y (1 |LTL| ) 6t. With probability 1— (¢ |LTL| 1) dt
the system remains in the drift branch:

Mo ) (| Mg = ' (I WLM) w> (I —~ot/2LT L) v =

75’5 | LT L) (4] — 7& ) (LTI | + O (5t%) . (3.11)

=[¥) (¢
The difference between the jump and the drift part is the behavior as 6t — 0. The drift part will tend
towards the previous state, while the probability of the jump part tends towards zero[4]. Instead of
thinking in terms of density matrices, we can think in terms of quantum trajectories traced by an initial
pure state, as it either drifts or jumps. A large number of simulated quantum trajectories will approach
the same solution as the density matrix, but can enhance computational efficiency if the dimension of
the Hilbert space is large. We will now illustrate how the choice of eigenvectors affect the behavior of
the quantum trajectories.

3.2.1 Degenerate eigenvectors: emission or absorption

We choose the trace of L to be zero: Tr L = A\ + Aa = 0. In terms of possible eigenvalues, this means
we can either have Ay = Ay = 0 or \; = —\s. In the first case, the non-trivial case means the eigenspace
for A = 0 is degenerate, corresponding to a raising or lowering operator:

Teorem 3.2.1. In the case of two non-orthogonal eigenvectors for the Lindblad operator, it can be

expressed according to
L= 7 la) o (3.12)

where |a) is an eigenvector with the eigenvalue 0 and |b) is a power vector.[4]
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In this case, both the drift and jump branch evolve the state towards |a).

Figure 3.1: Decay of qubit with initial superposition state % (10) + |1)); drift/jump parts and density
matrix evolution illustrated with H = —o, ((a) and (b)), and H =0 ((c) and (d)).

3.2.2 Non-degenerate orthogonal eigenvectors: dephasing/balanced phase
jump

Consider the case where we have two eigenvectors of L that are orthogonal; in this case L may be
expressed as:

Teorem 3.2.2. In the case of two orthogonal eigenvectors for the Lindblad operator, it can be expressed
according to

L=/~ (la) {a| = [b) (B]) - (3.13)

where |a) and |b) are eigenvectors with the eigenvalues ./7.[4]

In this case, an initally coherent superposition of |a) and |b) will over time evolve to have a completely
random phase relationship.

0) 10) 10) 10)

| \\ / \1 \\
(j// />/y N L— /\\ y SEI y
(a) (b) (c) (d)

Figure 3.2: Dephasing of qubit with initial superposition state % (10) 4+ |1)); drift/jump parts and
density matrix evolution illustrated with H = —o, ((a) and (b)), and H =0 ((c) and (d)).

3.2.3 Non-degenerate non-orthogonal eigenvectors: dephasing/unbalanced
phase jump

Consider the case where we have two eigenvectors of L that are not orthogonal; in this case we have the
following expression for L:

Teorem 3.2.3. In the case of two non-orthogonal eigenvectors for the Lindblad operator, it can be
expressed according to

_L a) lal — — aefla e “
L—m(\ﬂl |b) (b] B lay (b + ae™* |b) (a]) . (3.14)

where (a|b) = ae'®, |a) and |b) are eigenvectors with the eigenvalues £./7[4]

Proof. Let

L = Laa |a) {a] + Lua [8) {al + Las |a) (8] + Lus [b) (8] (3.15)
Choosing L to be traceless, possibly after transformation, we haveTr L = 0 which gives Ly, = —L4,. The
eigenvalues will be &), from which follows that det L = —\?; inserting the expression for L gives

Laa (—Laa) — LapLya = —X* = L2, 4 LapLia = N2 (3.16)
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Furthermore, we have
Lla) = Ma) = Laa |a) + Lpq |b) + Lapae™ |a) — Logae™ b) = A|a) =
= Loq + Lapae™™ = X and (3.17)
Lya — Lagae™ = 0. (3.18)

L|b) = \|b) = Laqae'® |a) + Lyqae® |b) 4+ Lap |a) — Lag |b) = =\ |D) =
— Lgq0e® + Ly, = 0and (3.19)
Lygae® — Lyy = — . (3.20)

Combining 3.17 and 3.20 gives us

Lo — Lyae™® = Loyg + Lapae™ ™ = Ly, = —Lape 2. (3.21)
from which we deduce that L2, — L2,e=2"% = \2. Squaring the equation 3.19 gives L2, = L2 a%e%¥.
Combined we get Lg_a (1 faz) =X = L, = \/1i7 3.19 and 3.18 respectively give Ly, =
fae’ﬁLaa, Ly, = ae’zﬁLm, from which the desired result 3.14 is obtained. O

For « # 0, an unbalanced phase jump is obtained, in which case the dynamics are complicated.[4]

3.3 Markovianity, the quantum dynamical semigroup

Consider an open system where the environment lacks memory. The composite system consisting of the
system and environment envolves in time according to an operator U (t1,t2). This is known as unitary
time evolution. We assume the initial state is p (0) = ps (0) ® pp. Tracing out the environment yields a
time-dependent system density matrix pg (¢). This can also be described in terms of a dynamical map
V(t). The relationship between the dynamical map and unitary time evolution according to U (t1,t2) is
illustrated in Figure 3.3.[2]

trp

trp

dynamical map

ps(0) ST ps(t) = V(t)ps(0)
Figure 3.3: Figure courtesy of [2].

Definition 3.3.1. The dynamical map is a super-operator V (¢) that determines the time evolution of
the system density matrix pg(t):[2]
ps (t) =V (t) ps (0). (3.22)

Definition 3.3.2. The semigroup property for a dynamical map V(¢) means that[2]

Vit +t) =V )V (t). (3.23)

3.4 The Lindblad master equation as the most general generator
of the quantum dynamical semigroup
Markvoian time evolution of an open system is described by the quantum dynamical semigroup. This is
the semigroup of dynamical maps V (t) such that the system density matrix at time ¢ may be written
as|2]
ps (t) =V (¢) ps (0). (3.24)

The Lindblad master equation arises mathematically as the most general generator of the quantum
dynamical semigroup. A generator for the quantum dynamical semigroup is a super-operator L for
which[2]

V(t) = e*t (3.25)
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which, in other words means

ps (t) = e“ps (0), (3.26)

Oups (t) = Le ps (0) = Lps (1) - (3.27)

Thus, deriving the Lindblad master equation means producing the most general super-operator L.
This is for example done in [2]. We start by considering the unitary time evolution operator for the
coupled system and environment, which after tracing out the environment degrees of freedom produces
an expression for V (¢) in terms of how this time evolution operator acts on the reference state for the
environment pp:

Proposition 3.4.1. Consider a system with environment that has the time evolution operator U (t1,t3)
and initial state ps (0) ® pp, where the spectral composition of pp is pp = >_gep|B)(B|. Then the
dynamical map for the system density matriz ps may be expressed as

ps (1) =V (t) ps (0) =Y Wag () ps(0)Wag (1) . (3.28)

where Wop (t) = \/eg (a|U(t,0)| B) are operators acting on the system Hilbert space.[2]

Derivation. We have
p(t) = ps (t) ® pp = U(t,0)ps(0) @ ppU'(t,0), (3.29)

yielding
V(t)ps(0) = Tr® [U(t,0)ps(0) @ ppUT(2,0)] . (3.30)

Using completeness, we have

0) = <Z|a> <al> Ut,0) { Y_18) (8] =D («lU(t,0)] 8) la) (8], (3.31)

B a,B

insertion into the partial trace yields

Zea a|U(t,0)] 8) ps(0) (U (t,0)] B) Zwaﬁ 0)Wis(t). (3.32)

End of derivation.

But we have limited knowledge about the properties of the W, (¢) operators. To proceed with the

derivation of the Lindblad master equation, we express the dynamical map V (¢) in terms of basis
2

operators in Fock-Liouville space {Fl}f\il Fock-Liouville space is the linear space of operators acting on

the system Hilbert space, with the inner product defined by (F;, F;) = Tr {Fij]. This yields:

Proposition 3.4.2. The dynamical map for the system density matriz ps of an open quantum system
subject to Markovian time evolution may be written as

ps (t) =V (t) ps (0) =D _ cijFips(0)F]. (3.33)

2%

where c;; forms a self-adjoint, positive semi-definite matriz, and F; are basis operators in Fock-Liouville
space; that is, the space of operators on the system Hilbert space, with the inner product defined by

(.. Fy) = Tr [F/F;).[2]
Derivation. According to Proposition 3.4.1, the dynamical map can be expressed as

0) = Wag (t) ps(0)Was () . (3.34)

Completeness for the W,z (t) operators may be written as

N2
Wap(t) = (Fi, Wap(t)) Fy, (3.35)

i=1
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insertion into the expression for the dynamical map yields

2 2 1.
N N
V(t)ps (0) =D | Y (Fi,Was(®) Fi | ps(0) [ D (Fj, Was(t) Fy | =
a,f3 i=1 j=1
N2 N2
=D (FuWap(®) (Fj, Was(t)” Fips(0)F) = D ciFips (0) F. (3.36)
a,B i,j=1 =
Where
cij = > (Fi, Wag(t) (Fj, Wag(t)". (3.37)
a,B
This matrix is obviously self-adjoint. It is also positive semi-definite, as[2]
2
viey) vt =) (Z szi,Waﬂ(w) > 0. (3.38)
a,f3 i

End of derivation.

With this way of expressing the dynamical map, we can finally take the derivative at ¢ = 0 (using the
definition of a derivate); this yields the generator for the quantum dynamical semigroup.

Proposition 3.4.3. The Lindblad master equation is the most general generator of the quantum dynamical
semigroup. [2]

Derivation. According to Lemma 3.4.2, we can express the dynamical map as

V(t)ps (t) =Y cijFips(0)F]. (3.39)

(2]

2
We chose basis vectors {Fl}fil such that Fiyz = \/%IS, making the other operators in the basis traceless.
We then get the generator|2]

Lps = lim [V ()ps(0) — ps(0)] = lim ([}V (cxenz (6) ps(0) +

e—0 €

1
+ Wi > (CiN2 (€) Fips(0) + enzi (€) PS(O)FJ) + > cij (€) Fips(0)F | — ps(0)
[ i=[1,N?],j=[1,N?]

(3.40)
Introuducing the coefficients|2]
1
anN2N2 (6) = lim — (CNZNQ (6) — N) , (341)
e—0 €
1
a;N2 = lim —C;N2 (6), (342)
e—0 €
and|2]
o1
aij = lim —ci; (€), (3.43)
this can be rewritten as|[2]
1 *
ﬁps = aNzszg(O) + ﬁ Z (alNzF,pS(O) + aiszS(O)Fj> + Z GUFZpS(O)FJT (344)
i i
Introduce the operators (they are not self-adjoint!)[2]
1 N?-1
F=— a;n2Fy, 3.45
\/N ; iN?2 ( )

1 1
G= ﬁaNzsz(l) +3 (F+F1), (3.46)
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and the Hermitian operator H = - (F' — F); we then get|2]

Lps = [H,ps(0)] +{G.ps(0)} + > ai; Fips(0)F]. (3.47)
1)
If the norm of the system density matrix, we must have[2]

Trd;ps = Tr Lps = 0, (3.48)

which gives[2]
1
Tr2G +Tr Y ai;Fips(0)F] =0 = G = = > ai;FiF}. (3.49)
4,J

i,J

The first standard form of the Lindblad master equation is then obtained:[2]
1
Lps = [H,ps(0)] + > a (Eps(O)FjT -5 {FiFjT,ps(O)}) . (3.50)
.3
End of derivation.

3.5 The Lindblad master equation through microscopic derivations

(weak-coupling limit)
It has been earlier how the Lindblad master equation arises mathematically. Now we consider how the
Lindblad master equation may arise from a microscopic model of the interactions between the system
and environment in form of an interaction Hamiltonian Hj (t). This is interesting from a fundamental
perspective as it highlights how various approximations are used when deriving the Lindblad master
equation. We study the limit where the environment is weakly coupled to the reservoir. The derivation

is most easily performed by starting off with interaction picture time evolution equation, which after
time averaging yields the so-called Redfield equation|[2]:

Proposition 3.5.1. The Redfield equation. Time evolution in the interaction picture may, under the
Born-Markov approzimation and assuming that Trp [H (t), pr (0)] = 0, be written as[2]

Ops(t) =~ [ TeulHy (2),[H: (6 ), ps (1) pul] ds. (3.51)
0
Derivation. We start off with the interaction picture time evolution
Bupr () = —i [H1(1), pr (D). (3.52)
Integrating from time 0 to ¢ gives[2]
t
pr (6) = pr (0) =i [ [Hr(s),pr(s)] ds. (3.53)
0
Re-insertion into the previous expression yields[2]

dipr(t) = —i [thm (0) i / [Hy(s), pr(s)] ds] — —i[Hy(t), pr (0)] +

+[H1<t>7 / [H1<s>,m<s>1ds] — i [H(), pr (0)] + / Hi(t), [Hi(s), pr(s)] ds.  (3.54)

Due to the linearity and time-independence of the trace operator, we have Trgdp;(t) = 0/ Trppr(t).
Taking the partial trace of the time evolution thus yields|2]

Dips(t) = —Trp / ), (8),[H; (3) . pi (5)] ds. (3.55)

Now we apply the Born approximation and assume the coupling between the system and the reservoir
to be weak. The system will exert little influence on the reservoir, giving an uncorrelated product state
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p(t) = ps(t) ® pp for the composite system. We then apply the Markov approximation, which consists
of first replacing pg(s) by ps(t), after having substituted s =t — s|2]:

Oups(t) == [ Ten (1 (0,11 (5).ps () pol] ds =

=[s=t—s]= _/o Trp [H (t), [H (s), ps (t) @ pp]] ds. (3.56)

Letting t — oo, we get

atps(t) = — /OOO TI‘B [H[ (t) s [H] (t - S) s PS (t) & pBH ds. (357)

End of derivation.

The Markov approximation is justified when the relaxation time of the system - that is, the time scale
Tr over which pg varies appreachably is much larger than the environment time scale 75 over which the
reservoir correlation functions decay.|[bp] We now apply the secular approximation to equation 3.51. The
secular approximation means time averaging over rapidly oscillating terms in the interaction Hamiltonian,
and is valid when the typical inverse frequence difference 75 = |w — W’ |_1 is much smaller than the
relaxation time 7[2]. Decompose the Schrédinger picture interaction Hamiltonian acoording to (where
A, and B, are self-adjoint operators acting on the system and environment, respectively):[2]

Hy =Y Ay @ B,. (3.58)

The system Hamiltonian Hg is assumed to have a discrete set of energy non-degenerate eigenvalues e,
with[2]

Ag(w) = > TA. (3.59)

e—e'=w

Where the II, operators are projection operators onto the corresponding eigenvectors. These operators
are a decomposition of the A, operator into eigenoperators of the system Hamiltonian belonging to the
frequencies Fw:[2]

[Hs, Aq ()] = > HsTlcATle — T Ayl Hg =

= Z He AL, — T AT Hg =

= > el Al — T Aulloe =

=—w Z O A, — I AL, =

=—wA, (), (3.60)
[Hs, Al (w)] = wAl (). (3.61)

= TA e =Y MeAg Y Tl = TA,] = A, (3.62)

In the interaction picture, we obtain the operators (the Schrodinger picture operators are A, (w) and
Ba)[2|

1Ay (w,t) = [iHs, Ay (w,1)] = —iwAq (w, 1) = Ay (w,t) = e A, (W), (3.63)
and[2]
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Al (w,t) = Al (), (3.64)
as well as[2]
B. (t) = U, B,Up = €12t B e~ iBt, (3.65)
and|2]
Bl (t) = ULBlUp = e12t Bl ¢~ itl5t, (3.66)
We get the interaction picture interaction Hamiltonian:[2]
= Z Aq(t) @ By (t) = Z e WAL (W) ® Z e“tAT (W) ® Bl (t). (3.67)
« o,w

Introduce the super-operator He according to
He (A) = A+ AT (3.68)

That is, A plus its Hermitian conjugate. Insertion into the Born-Markov approximation yields (see
section A.1):

Deps(t) = /0 dsTrpHe | ) Z (W =)teies (Ag (w) ps (1) Al (") @ Bp (t — 5) ppBL(t)—

o, w,w’
— A} (W) As () ps (1) © BY,(0)Bs (t - 5) pi)] (3.69)

Introduce the one-sided Fourier transforms of the reservoir correlation functions (B{,(£)Bs(t — s)) (these
functions only depend on the frequency w and not the time ¢ as the bath pp is assumed to be stationary):

Lop (W) = /OOO e (B (t)Bs(t — s)) ds. (3.70)

Insertion into 3.69 gives

Orps(t) =He | D3 =T (w) (A5 (@) ps (1) AL (') — AL (W) Ap () ps (1)) | - (3.71)

o, w,w’

The secular approximation; that is, neglecting rapidly oscillating terms for which w’ # w, yields|2]

Dups(t) = He | 375 T (@) (As (w) ps (£) AL (w) — AL () Ag () ps (1)) | - (3.72)
B w
We introduce functions v, and S, according to[2]

Yap (W) =Tap (w) + g (W), (3.73)
and

Sap (@) = 5 (Tas () ~ Tho (). (3.74)

The Sup (w) coefficients thus form a Hermitian matrix. We now wish to show that the .5 coefficients
form a positive matrix:|2]

*

Yo (@) =Lag (W) +Ta (@) = Tap (W) + /0 el <Bg(t)Ba(t - s)> ds =
:I‘ag(w)+/0 *Zws<B t—STBﬁ >ds— :—S]:

“Tup (W) — /O_OO ¢ (Bo(t + )  By(t)) ds =
0

= [T BB ds [ e (Bas) Ba0) ds =

— 00

:/Do e™* (Bl (s)Bs(0))ds > 0. (3.75)
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Which was the result we wished to show. Now

0ups(t) =30 1 ( (3708 () 1503 1)) (45 () s (0 AL () — AL )5 () s 0) +

a,f w

+ (500 ) = 180 6)) (4 () 95 () A1) = ps () A0 () 4} @) ) =
= =033 [Sas () AL ) As @), ps ()] +

a,f w

#3050 ) (49 @) s (0 416) = 3 {AL@)A5 ()50} ) =

a,f w

= —i[Hps,ps (t)] + D (ps (t)). (3.76)

the first standard form of the Lindblad master equation. It can be shown that the v, coeflicients form
a positive matrix, from which follows that 3.76 is diagonalizable.[2]



Chapter 4

Qubit coherence protection

4.1 Background

Qubits are quantum mechanical systems with a Hilbert space spanned by the basis vectors |0) and |1).
This means that they, contrary to a classical bit, may reside in a superposition of two states. They can
both be used for solving quantum mechanical problems, and solving traditional problems more efficiently
by utilising superposition and entanglement. Quantum computers, that is, a system consisting of qubits
and quantum logic gates, operate on the qubits by unitary transformations. No quantum computer,
however, is perfectly isolated from its environment. Interaction with the environment causes dissipation,
leading to decoherence and destroying the entanglement between qubits. To prevent dissipation, there
are various coherence protection schemes|[6]. It has been shown that it is possible to protect the qubits
of any quantum computer while simultaneously controlling the time evolution of the qubits, through
Hamiltonians that are rapidly switched on and off. Any protection through external driving needs to be
performed in a fashion so as not to disturb the computation in progress[5].

In this study of qubit protection, we do not consider any many-qubit system, and use the Lindblad
master equation to model dissipation caused by spontaneous emission. The driving is continous rather
than pulsed. It is based on a previous study by Zong et al. [6].

4.2 Mathematics for the system

We represent the two-level qubit system with a 222 density matrix:

Poo  Po1
= . 4.1
p ( P10 P11 ) (1)

We consider a qubit subject to Lindblad dissipation:
dp 1

1 1
= Hp+ (LpLT —5LiLp~ 2pLTL> : (4.2)

The Hamiltonian H is the same as for the corresponding closed system, and the Lindblad operator L
describes the interaction with the environment. For our qubit, we will use the Hamiltonian

1 1 —
H=Hy+H;= 5%024—5%14-5. (4.3)

Where we have introduced the Pauli spin matrices ¢ = (0,,0y,0.). The Hy part is the Hamiltonian for
the closed system, while the Hy represents an external resonant driving. We will also consider the case
of a non-resonant driving (Q # w); Hq = 1A (0,c0s (Qt) + oysin (Qt)). The Lindblad operator is given
by

L=y70) Q. (4.4)

Where |1) and |0) are unit eigenvectors for the Hamiltonian Hy. This will cause the qubit state to
decohere, which means off-diagonal elements of the density matrix become small (the superposition of
|1) and |0) is destroyed). We define coherence as the product of the off-diagonal elements of the density
matrix, 4p01p010-

21
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4.3 Problem formulation

Given a qubit subject to spontaneous emission, how does the transient behavior of the qubit depend on

the driving parameters A given an initial pure state % (10) + |1))? How does the steady-state coherence

depend on A? How does the transient coherence depend on the driving frequency Q? (We assume a
decay rate of v = 0.25, and that the behavior is not affected by A,.)

4.4 Numerical results

4.4.1 Behavior of the qubit over time

A 2x2 density matrix has a representation as a Bloch vector (ng,n,,n.). This representation may be
used to illustrate the time-dependent behavior of the qubit starting from an initial superposition state
% (|0) + |1)); see Figure 4.1.

Figure 4.1: Bloch vector components over time; top left to bottom right: no driving, A, driving, A,
driving, A,+A, driving

4.4.2 Coherence by A

Simulation of the qubit is performed until a steady state occurs; this is defined as the coherence varying
no more than 10~% over a couple of time steps. The dependence of the steady-state coherence by driving
amplitude A, is shown in Figure 4.2. We see that there is an optimal driving amplitude, and a maximum
achievable coherence. Simultaneously varying A, and A, shows that the coherence only depends on the
amplitude |A|; see Figure 4.3.
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Figure 4.2: Coherence by driving amplitude A,

Steady-state coherence for various Ax, Ay

Ay

° & S

Ax

Figure 4.3: Coherence by driving amplitudes A4,,4,

4.4.3 Transient coherence by ()

The driving frequency € will affect the final coherence, and how much the coherence oscillates before
settling for a stationary state. This is shown in Figure 4.4.
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0.2 1

Figure 4.4: Transient coherence for various {2
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4.5 Analysis of results

The obtained results show that the achievable coherence depends on the amplitude |A|, with a maximum
achievable coherence. The driving frequency €2 should ideally be as close as possible to w, mismatches
limit the achievable coherence.

4.6 Discussion

There are a multiple of limitations with this toy application. First of all, it does not in any way account
for the usability of the driven qubit resource. Driving a qubit interferes with using it in a quantum circuit,
for which reason a pulsed drive is often used. This requires appropriate timing of the gating operations,
which is not accounted for in this model either[5]. There are also many ways in which dissipation to the
environment can be caused, and the interaction with the environment need not necessarily be Markvoian.



Appendix

A.1 Details of secular approximation
For Hermitian operators A, B, C, we have:
[A,[B,C)] =[A,BC - CB]=ABC — ACB+CBA— BCA=He(BCA- ABC). (A1)

Putting A = H; (t), B=H;(t —s),C = ps () ® pg, we get

[Hy (t),[Hr (t—s),ps (t) @ ppl] = He (Hy (t — s) ps (t) @ ppHy (t) — Hr (t) Hy (t — s) ps () ® pB) -

(A.2)
Insertion into the Born-Markov approximation yields
Orps(t) = — / dsTrp [Hy (t),[Hi (t —s),ps (1) ® pB]] =
0
—— | dsTuaHe (Hr () Hi (¢~ 5)ps ()@ pm — ps (1) © puHy (¢~ )] =
0
:/ dsTrpHe [Hy (t — 5) ps (t) ® ppH; (t) — Hy (1) Hr (T = s) ps (1) ® ps] =
0
:/ dsTrpHe Z el A5 (w) @ Bs (t — 5) ps (t) @ pp Z Al (W) @ Bl(t) —
0 Biw a,w’
- Zew ‘AL W) @BL() Y eI Ag (W)@ By (t - 5) ps (1) @ pp | =
B w
= / dsTrpHe Z D et (A (w) ps () Al(w') @ By (t — 5) ppBL(t) —
0
_,B,w a,w’
— AL ()45 (W) Ps (t) ® BL(t)Bs (t — 5) p)] =
:/ dsTrpHe | S0 3 el =o)teios (45 (w) ps (1) AL (') @ By (¢ — s) p BL(8)—
0 Lo B ow,w’
— AL (W) Ag () ps (t) @ BL(t)Bg (t — ) pi)] - (A.3)
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