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An introduction to upper-division quantum mechanics using the particle-in-a-box

Brian Shotwell
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The purpose of the following is to go over some basic concepts of quantum mechanics at
an undergraduate level somewhere between lower-division and upper-division. Topics include
bra/ket notation, states as elements of a physical vector space, operators, and time-evolution
of states following the time-dependent Schrodinger Equation. It is for the student who has
gone through an introductory sequence of physics that includes modern physics, but before
the student has gone through an upper-division textbook at the level of Griffiths or similar.
This student would probably be able to compute expectation values of a particle in a state
described by its position-space wavefunction, t(z), but might not know how v (z) evolves
over time, or is not familiar with more abstract representations of the state |¢).

It is my experience that many lower-division courses in modern physics don’t do an ad-
equate job in introducing conceptual basics of Quantum Mechanics (QM). This leads to
students who are asked to do too much in their upper-division (UD) course. Overwhelmed,
these students succumb to “learning” QM by pattern-matching, praying that they see exam
problems similar to example problems they’ve already seen before. It is hoped that this brief
overview will help ease the transition into upper-division QM.

Frequently, axioms of quantum mechanics are introduced and then later applied to various
applications/systems. Here I take a slightly different approach: topics are only introduced
as needed to describe and generalize a very particular problem: the particle-in-a-box (PIB).
Hopefully seeing the concepts arise organically will help motivate the material.

An alternative title to this would be “Linear Algebra in Quantum Mechanics.” This title
was ultimately not chosen because it is by no means a formal review. Instead, the intention is
to be more impressionistic than comprehensive: it’s designed to get students to realize their
own misconceptions/preconceptions, generalize their understanding of QM via the language
of linear algebra, familiarize themselves with notation and semantics, and learn the tools
required to analyze other quantum-mechanical problems. It is with this background that
they can be more active participants in their UD QM course.

Finally, T apologize if this work is superfluous. I wrote it because I've had a tough time
directing students to a resource that I believed would help them in their upper-division QM
course(s). Normally my suggestion is Principles of Quantum Mechanics by R. Shankar,
but that’s a bit too much to be used as a supplement to a first exposure to UD quantum.
Unfortunately, the net result might be yet another person’s ramblings on QM (which there
are already way too many of).
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1 PARTICLE IN A BOX I: STATES & OPERATORS

1 Particle in a Box I: States & Operators

1.1 PIB Abstraction
1.1.1 Introduction / Motivation

Recall the following formula from your study of the “particle-in-a-box” (PIB), also called the
“infinite potential well” or “infinite square well:”

2 nmx
\/=sin|—), O<ax<L 272p2
Yy () = L ( L ) (With energy E, = 7127:;7) (1)
0, otherwise

These wavefunctions are those functions that “fit nicely” in a 1D box existing from x = 0
to x = L. You might equate “fit nicely” with “are solutions to Schrodinger’s equation with
appropriate boundary conditions.” You probably solved problems similar to the following:
given a wavefunction with n = 2, what is the probability that you’d find a particle somewhere
between x = 0 and x = L/3? Oh, the answer isn’t 1/3 like you expected? Guess quantum
mechanics is weird then! \_(¥)_/~

The problem with these sorts of exercises is twofold:
1. They’re oversimplified / too hypothetical.

2. These sorts of computations tell you little about understanding the principles of quan-
tum mechanics that persist as you delve into the subject.

I don’t have any remedy for (or issue with) number 1: PIB is largely a theoretical exercise,
used to introduce students to quantum mechanical issues without the need for complicated
mathematics. If you're not happy with PIB because it’s too theoretical, then nothing written
here is going to help much with that. What is dangerous though is number 2: students who
come out of a lower-division introduction to quantum mechanics (QM) emerge with some
common misconceptions about the subject that hinder their learning in an upper-division
(UD) quantum mechanics class. In my opinion, these issues should be addressed before try-
ing to tackle the material at the upper-division level so that students understand the point
of what they’re doing with the complicated mathematics before the end of the term.

In talking about PIB in a couple slightly different ways than what you might be used
to, some ideas from linear algebra will inevitably arise. Hopefully you’ll embrace this fact
rather than recoil in fear! The linear algebra required is a small subset of what is covered
in an upper-division math course on the subject. I've assumed the reader has taken a lower-
division math class introducing linear algebra, including the calculation of eigenvalues and
eigenvectors of a matrix, and how to perform some basic matrix algebra (for example, how
to multiply a matrix and a column vector).
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1.1 PIB Abstraction 1 PARTICLE IN A BOX I: STATES & OPERATORS

1.1.2 Allowed States

Consider the possible wavefunction 15(x) for a particle in a box. 1g(z) is depicted in Figure
below [1)(z) on the vertical axis and z on the horizontal, assuming L = 1, and ignoring units:

Figure 1: ¢g(x) = [¢1(z) + ¢a()]/V2

Is this an allowed wavefunction? It doesn’t have the form of the nice sine waves that you're
used to seeing for this problem. Despite this fact, the answer is YES! This wavefunction is
fine. It’s the sum of equal parts n = 1 and n = 2, and it’s just a snapshot at a particular time
(the “S” in the name stands for “Sum”). In reality, if you were to plot this wavefunction over
time, you’d see it sloshing back and forth between “mainly on the left” (what’s shown above)
and “mainly on the right.” Chapter [2] will be dedicated to understanding the time-evolution
of wavefunctions; this chapter is mainly focused on describing the state at any instant of time.

Here we arrive at the first of a few key generalizations about wavefunctions:

KEY POINT: If ¢;(z) and ¢»(x) are allowed wavefunctions,
then so is ¢1(x) + ¥»(z) (though unnormalized).

You might complain that this doesn’t satisfy the Time-Independent Schrodinger Equation
(TISE). In other words, if you take ¥g(z) and plug it into

— ———s(z) = Bys(a), (2)

you'd get an equation that is not equal for all values of x between 0 and L. This is true.
Yg(z), although a perfectly fine wavefunction, DOES NOT satisfy the TISE. You've been
lied to! Well, probably not, but it’s a common misconception when first learning QM that
all wavefunctions must be solutions to the TISE. In fact, that’s not true. Only “special” ones.
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

Obviously the TISE doesn’t tell the whole story with what’s going on in QM. The Key
Point above gives a hint as to what might be involved: linear algebra. It doesn’t make much
sense to cube a wavefunction (it wouldn’t have the correct units, for example), but it’s per-
fectly fine to take linear combinations of wavefunctions to get another wavefunction. This
hints that the structure of quantum mechanics is that of a (physical) vector space.

Mathematicians sometimes use the word “vector” rather abstractly. You might be used
to “vectors” as things with a magnitude and direction. Because of this, you might visualize
a vector as an arrow in 2D or 3D (or similar). However, vectors in a vector space are more
abstract than this. One example would be an additive model of color. In the “RGB” color
model, you can represent any color as a certain amount of red, a certain amount of green,
and a certain amount of blue. These three colors serve as the three basis vectors for a three-
dimensional vector space of possible colors; each color is a vector in this vector space. Each
color can be written as a linear combination of the three basis vectors.

As applied to PIB, each wavefunction is a “vector.” The “special” wavefunctions 1, (z)
from Eq. can serve as a basis for any possible wavefunction in the PIB. Why this is and
how this works for a variety of problems are primary questions covered in any QM course.

There are a couple issues we’ll have to mention at the onset that make QM a little different
from (and more specialized than) a class in linear algebra:

1. The scalar field is the field of complex numbers (rather than real numbers, or rather
than being left ambiguous, as is often the case in math classes).

2. Any two vectors that are different by an overall nonzero complex scalar are physically
equivalent — in other words, if 1y = Ay for A # 0 (A € C), then ¢, and 1 correspond
to the same physical state. In your lower-division class, a consequence of this was the
fact that you could take any unnormalized state and “normalize” it.

We'll discuss these issues and many others by looking at a specific example in the next
section.

1.2 PIB as a 2-State System

We’ll continue talking about the particle-in-a-box, but phrase it in terms of linear algebra.
To do this, I'll make a huge simplification, and then talk about what happens when I relax
that simplification in Sec. [1.3]. The simplification that I’m going to assume is that
the only values of n that the particle can have in the box are n = 1 and n = 2
(with energies E; and F, = 4Fy, respectively... remember that E, o n?).

You might ask, “what interesting thing(s) can we do with just two wavefunctions?” Well,
the key point from the previous section opens some possibilities for us: we can combine two
wavefunctions in lots of different ways to get a new one. This seems trivial, but (as we’ll find
out) the result of a measurement can depend crucially on how the wavefunctions are added!
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

It turns out that the best way to organize our thinking about wavefunctions is to use linear
algebra, so a lot of what follows is applying linear algebra concepts to our 2-state PIB.

More generally, we need to focus on linear algebra because of the following: All the
physical predictions of QM can be phrased in terms of a scalar product in the “Hilbert
space,” (to be defined in the next section), along with knowing the eigenfunctions of the
measurement operators. This is very general, and applies to properties like spin/polarization
where a position wavefunction alone does not fully describe the physical state.

1.2.1 From ¢(z) to |¢), Inner Product Spaces

Y1 (z) has a very particular shape to it, if you dissect the wavefunction as a function of
position. But it is the entire wavefunction that describes the state of a particle,
and writing it in terms of position is one of many choices on how we want to
look at itE] It is the entire wavefunction ;(z) that has the energy E;. It is the entire
wavefunction that is a vector in the abstract vector space of allowed wavefunctions in the
PIB. Therefore, we will stop calling this wavefunction ¢y (x), and start just calling it ¢/;. This
is analogous to removing any reference to a basis when referring to a vector in Euclidean
space: instead of saying that A = 4x+ 3y, we could just call it A, which emphasizes the fact
that the vector exists independently of how we describe it in terms of some basis. Maybe
A = 51 for another basis {u, v} — it doesn’t really matter. It’s still A.

Figure 2: The vector A along with two different, superimposed coordinate systems. Note
the vector itself does not change based on the coordinate system — only the components of
the vector depend on the coordinate system.

Physicists like to emphasize the fact that the wavefunction is, in fact, a vector (in the
abstract sense discussed in the last section). Rather than write an arrow above it or make it
boldface, physicists do the following;:

“Physical Vector ¢1” — |11) (3)

|t1) is called a “ket” (rhymes with Boba Fett). It represents a vector in “Hilbert Space,” the
abstract physical vector space that has wavefunctions as vectors. If our Hilbert space has a

You could also talk about 7 (k), the “momentum space” version of the wavefunction, by taking the
Fourier transform of 1 (z). This you'll learn how to do in an upper-division course.
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

small number of dimensions n, then we only need n vectors to serve as a basis that spans
the space of all possible wavefunctions. In the case of our PIB with two states of energy
E, and Es, the vector space is two-dimensional, and we only need two vectors to span the
spacef| We can choose the vectors [t);) and [1);) for this, two wavefunctions with definite
(and distinct) values of energy.

As a shorthand, physicists sometimes refer to a vector space with an ordered basis in
terms of their “counter” label alone. So, replace [¢;) with |1) and replace |¢) with |2).
It’s like a game of maximizing the amount of laziness / how much you get can away with
redefining things until you get to as dense a language as possible.

Now that the basis vectors are chosen, because they're orthonormal, we can represent
them with the following column vectors:

1o fon) — (3) and 12 or o) — () (@)

Why must |¢),) be orthonormal to do this? It’ll take a few paragraphs to explain why.
Let’s go back to what orthonormal means in terms of an enumerated set of position-space
wavefunctions:

0, i#]
d;; defined in the equation is called the Kronecker Delta symbol (not to be confused with the
Dirac delta function, which you’ll learn about in UD QM or E&M).

o if orthonorma ]-7 1=
/ Ui (@) () d " léijz{ ’ (5)

Hilbert space is not just a vector space, it’s an inner product space (a vector space with
an inner product defined, which is a way of “multiplying” vectors to get a scalar out). If you
have 1;(x) and 9;(z), and you want to take the inner product between them, then you may
use the left side of Eq. (f). Remember, though, that |¢;) need not be represented by (z),
In quantum mechanics, we write the inner product between two vectors (roughly speaking,
the overlap between them) via “braket” notation (read as two words: “bra,” which rhymes
with saw, and “ket”). As an example of this, let’s look at the inner product of |1) with either
itself or |2):

(1) = (1 0) ((1]):1 (112)= (1 0) (?):0

The inner product of |1) with itself is 1, which is now how we’ll keep track of a vector being
“normalized.” Now we see why, in order to represent the two vectors with the column vectors
in Eq. (4)), the vectors had to have been orthogonal, since the inner product (1]2) is neces-
sarily zero. This isn’t too big a restriction: the states corresponding to different energies are

2If you're a linear algebra purist, you might complain that this is not a vector space in the strict sense,
since there doesn’t seem to be a zero vector. Our requirement that wavefunctions are normalized means that
the zero vector is not a state of the system, and so we try to skirt this issue as much as possible. This is
partially why we (sometimes) refer to this vector space as a “physical” vector space.
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

necessarily perpendicular and can serve as a basis.ﬁ Also, even if you have a basis that isn’t
orthonormal, you can make it orthonormal via a Gram-Schmidt process.

What is (|7 It’s a “dual” vector to [¢)). People think of this a couple different ways,
based on the following factsﬁ

* Given an orthonormal basis for a vector space V), there is a unique orthonormal basis for
the dual vector space V*. Also, there is a unique bijection between these two bases. That
is, each vector has its own unique “dual vector,” and vice-versa. Therefore, (1| is just
another way of representing [¢)). The column vector representation of kets makes this
particularly concrete: for every column vector, there is a row vector corresponding to it
(take the complex conjugate, then the transpose of the column vector — the result is the
dual vector).

* The dual vector space is the space of all linear functions that will take as inputs vectors
and spit out scalars. Again, the column vector representation of |¢) illustrates this fact:
what sort of object can you multiply with an n x 1 column vector to get a scalar out? A
1 x n row vector! The fact that we also take the complex conjugate will ensure that (1[))
is real (and must equal 1 to be properly normalized).

1.2.2 Complex Numbers, General States

Let’s return to the two issues mentioned at the end of Sec. [1.1.2]: 1. (physical) states must
be “normalized,” and 2. linear combinations of states (with the scalar field being C) are also
states, after they’re properly normalized.

Why are complex numbers used /required in Quantum Mechanics? There are lots of dif-
ferent answers to this question. For example, some people might say that it’s because the
time-dependent Schrodinger Equation has an . Fine, but why write down an equation with
an ¢ in it in the first place? Personally, I find the best motivation comes from trying to
explain the results of the Stern-Gerlach experiment. This is explained in detail in the first
section of the first chapter of Modern Quantum Mechanics by J. J. Sakurai. One could make
the argument that you could always describe complex numbers in terms of a collection of
real numbers, and so the use of complex numbers is not absolutely required. Regardless, any
attempt to describe QM in terms of real numbers alone would be needlessly clumsy, and so
therefore we use complex numbers.

Complex numbers will be essential in describing the time-evolution of states, which is
what we’ll do in Chapter 2] For now, we just have to get used to how they work. For a

3This stems from the fact that the Hamiltonian is a Hermitian operator. These operators have special
properties that we’ll explore in Sec. . Part of the reason for describing QM via linear algebra is to
explain/prove general facts like this.

4Warning (notation): physicists and mathematicians differ over which vector is complex-conjugated in
(v1]va). The physicists’ definition (used here, where it’s |v1) that is complex-conjugated) makes the interpre-
tation in terms of matrices more apparent.

Page 8 of



1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

concrete example, all of the following are normalized states (i.e., (;];) = 1):

i =(o) w=(). W= () wa-2(T)  ©

What is (¢4|? Remember, it’s the “conjugate-transpose” of [tg):

1 .
(Ya| = % (-0—22 1)

- (+2i 1)

7 [% <_12i)] = é[(+2z‘)(—2¢) O] =1 v

Most lower-division courses try as hard as possible to remove any reference to complex
numbers in quantum mechanics. That’s why the states in Eq. are real; they are actually
only telling a part of the story. These states are energy eigenstates — states of definite
energy — and for these states the total wavefunction W(z,t) factorizes into a real piece and
a complex-phase piece: W(z,t) = (x)e Pt/ h.lﬂ Not all wavefunctions have to have this
property, though, and so it’s misleading to say that we can just describe a wavefunction in
terms of an entirely real wavefunction ¢ (x).

(Yalva) =

Is there a difference between the physical states [i,) and |¢) in Eq. (6)? Both are
“normalized,” and yet they don’t seem exactly the same. These two states are off by an
overall phase, which cannot be detected experimentally. Any two states [¢;) and [¢;) that
are related by [1);) = € |1;) are only different by an overall phase (note |t) = €™/2 [1,)),
which is unphysical (i.e., there is no measurement in “real life” that can detect the overall
phase). However, the relative phase between two states is physical: there is a difference
between the states ([¢,) + [10e))/v2 and (J1) — |¥))/v/2. This is one essential ingredient
to understanding why ¥g(z) (from Sec. [1.1.2]) changes over time. The specifics of this will
follow from the Time-Dependent Schrodinger Equation, Eq. .

1.2.3 Operators and Measurements

One of the primary benefits of the linear algebra language is that it elucidates the role of
“measurement” in quantum mechanics. Any physical measurement (position of a par-
ticle, energy of a particle, spin of a particle, etc.) is represented with a (linear)
Hermitian operator. Given a basis, we can represent these operators as n X n matrices
acting on n x 1 column vectors, returning yet another n x 1 column vector. A Hermitian
operator satisfies A = AT = (A*)T = (AT)* (AT is referred to as “A-dagger”): the operator
is equal to its “conjugate-transpose.” In terms of matrices, “conjugate” (the *) means take
the complex-conjugate of each entry, and “transpose” (the ) means to swap A;; with A;;.

5This is covered in detail in the next chapter. For now, take it as given.
6There could also be an overall phase multiplying ¥(x,t) equal to e’?°. However, we have the freedom to
choose the overall phase so that the wavefunction is real at ¢ = 0. This is discussed in the next paragraph.
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

Here are some examples of Hermitian matrices that could possibly represent a physical
observable in a 2-dimensional Hilbert space (such as our 2-state PIB):

- (5 0 s (1 i (0 243 A (12
A_(o —8)’ B_(—z’ o)’ C_(Q—Sz' 0 ) D‘(z —2) (7)

You might want to note the following things:

* There is a “hat” above the operator. This hat has nothing to do with unit vectors — it’s
telling the reader that the object is an operator. In other words, the object is not a number,
but rather is designed to act on a state and return another state. Again, remember that
an n X n matrix times an n X 1 column vector gives another n x 1 column vector.

x The entries along the diagonal must be real. Entries A;; on the off-diagonal (i # j) can
have an imaginary component, but note A;; = A7,

* The components of the matrices depend on the choice of basis: if our column vectors in
Eq. corresponded not to |1) and |2), but rather to (|1) + [2))/v/2 and (|1) — |2))/v/2,
then the matrices for A, B, C, and D would have different entries. One of the problems
at the end of this chapter suggests a few ways for how you might find these entries.

Hermitian matrices have a number of important properties. These properties are why
they are so important/useful in quantum mechanics:

1. The eigenvalues of a Hermitian operator are real.

2. The eigenvectors of a Hermitian operator are complete (they span the vector space). In
other words, for any Hermitian operator A, any vector [¢) (in the entire Hilbert space
of possible wavefunctions) can be written as a linear combination of eigenvectors of A.
In other words, for any Hermitian operator A with eigenvectors |p;), we can take any
state [¢) and write it as [¢) = ¢ [¢3) = c1|d1) + 2 [da2) + 3 [d3) + -+

Before applying this to quantum mechanics, let’s just understand what point number 2
is saying above. Suppose you have the following (non-Hermitian) matrix Y (the “Y™” is for

(1))

yuck, or “y” would you try to use this as an operator):

()

What are the eigenvectors of this matrix? They are the (nonzero) vectors v such that
Yv = Av for some constant number \. We’ll get some practice finding eigenvalues/eigenvec-
tors in Sec. (in a few pages); eventually you’ll be able to show that there is only one
eigenvector, (1 O)T = |1) (remember, the “kets” are column vectors, so if [ want to try and
write it here in the middle of a paragraph I have to write it as a row vector, transposed).
The span of the eigenvectors of Y is therefore the span of the single state |1). In other words,
there’s no way to write the state |2) in terms of the eigenvectors of Y'! The eigenvectors of
Y therefore do not span our 2-dimensional vector space (spanned by |1) and |2)).
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

Our two facts lead directly to the following two axioms of quantum mechanics. There is
no proof of the following; things just sort of work out (meaning, QM has predictive power in
analyzing the real world) if you take these “axioms” to be true:

1. A physical measurement is represented by a Hermitian operator.

2. Suppose [1) = X;c; |¢;), where |¢;) are the eigenvectors of the operator A with corre-
sponding eigenvalues \; (assume all the \;’s are distinct). Then the result of a mea-
surement of A is \; with probability |¢;|2. The physical state after the measurement is
|¢;). Sometimes this is referred to as wavefunction “collapse” from [¢) to |¢;), but some
physicists think that this language is misleading since it suggests that the measurement
is some discontinuous, nonlinear process.

The second point above says that, if a physical measurement is performed to mea-
sure the value of operator /1, the value of the measurement is one of the eigen-
values of the operator. The state of the system after the measurement is the
corresponding eigenvector.

Let’s see how this works in the PIB. The most important operator is the Hamiltonian,
H, which is an operator that measures the energy of the state. Again, assuming the 2-
dimensional basis given by |1) and |2), the Hamiltonian operator has the following form:

~ (Er 0\ _ 7h* (10

H_(O E2>_2mL2 0 4 (®)
How did I know that this was the Hamiltonian? Well, we already know that the basis vectors
are states of definite energy, and so H |1) = Ey |1) and H [2) = E;[2). The first equation
gives the first column of H, and the second equation gives the second column. Note that,

since |1) and |2) are eigenvectors of the operator H, the matrix corresponding to H is diag-
onal in this basis.

One way of writing operators in a basis-independent way is via the outer product. Notice
that the Hamiltonian in Eq. can be written as follows:

H=E 1) (1] + E2) (2| (9)

The order of the bra and ket is reversed when comparing the outer product to what you’ve
seen before with the inner product. An outer product is therefore an operator: it can act on
a ket and return another ket. Let’s verify that Eqs. and @ are saying the same thing. In
other words, let’s plug in the row-vector bras ((1| and (2|) and column-vector kets (|1) and
2)) into Eq. (9) to verify that we get the matrix in Eq. (8] for the energy eigenbasis:

H=E 1) (1] + B 2) (2|

=E ((1)) (1 0)+ Es ((1)) (0 1)

(10 00\ [(E 0
5o 0) 20 )= (0 5) ¢
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

In general, any Hermitian operator with distinctm eigenvalues A, and orthonormal eigenvec-
tors |v,) can be written in terms of outer products via

O =>> Au|va) (Val (10)

Notation: here, we are using “H” to refer to either the abstract operator, or the specific
representation of H in some basis (the matrix in Eq. ) Some books will refer to the latter
as (I:[ )i; to emphasize that we are writing down the (7, 7)™ component of H given a particular
basis. Ditto for [¢) vs. (|¢));. Most books, though, aren’t so particular / nitpicky, and it’s
up to the reader to infer which is meant. Furthermore, lots of times the “hat” is left off of
the operator, especially if the operator is written out in matrix form. So, for example, you

might see the Hamiltonian written as H instead of H.

Semantics: you're going to see the following terms often in your study of QM:
* Figenstates (of A) the eigenvectors (i.e., physical states) of any operator A.
* Energy eigenstates: the eigenstates corresponding to the operator H (the Hamiltonian).
* Figenkets: A synonym for eigenstate.
* Stationary States: A synonym for energy eigenstates.

1.2.4 An Example: back to |¢s), Expectation Values
Let’s go back to the state 1g(x) from Sec. [1.1.2], embracing the new notation that we’ve

just developed. Define
1 /1
) = ) (1)

This seems like we've removed any reference to the position, but there is a subtle reference:
remember that relative phase is important. When we write the state |ig) as in Eq. ,
we are assuming the relative phase between the two energy eigenstates is such that, if the
wavefunction 1g(x) were plotted, it would look like Figure |1, As we’ll explore more in the
next chapter, the wavefunction moves over time, and so at a later time the state will look

like .
1
_ 1 12
oor =5 () (12)
The letter “D” is used for “difference,” where ¥p(z) = [t01(x) — 12(2)]/v/2. This state has

the wavefunction “more on the right” than on the left. Anyway, we’ll focus mostly on just
tg(z) in this section.

I want to analyze |1)g) in the context of two operators:
~ TR (1 0 - 01
= (0 4) L= (1 0) (13)

"You may wonder what happens if the eigenvalues are not distinct. In that case, Eq. is still possible,
but there is some freedom in the choice of the eigenvectors v,, because of the degeneracy.
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

H is the Hamiltonian operator constructed in the last section: it is the operator corresponding
to the energy of any state living in this 2-dimensional Hilbert space. L is Hermitian, and so
it can represent a physical operator, but we don’t know what it could represent yet. We’ll
look at the properties of L in order to infer what it could be.

First, H. What is the energy of the state |1)g)? Well, remember “axiom 2” from the
previous section: to find out the result of a measurement fl, we have to write our state in
terms of the eigenvectors of A. Then, we can read off the probabilities of the result of the
measurement of A by reading off the squares of the coefficients |¢;|*.

|ths) = % ((1)) + % ((1]) (14)

It appears that there is a 1/2 probability we would obtain E; and a 1/2 probability that we
would obtain Fs if we were to measure the energy of the state. The expected value of the
energy of the state is therefore

. 1 1 1 5 bw’h?

(H) = Buy (o0 B) = 5By + 5B = 5By + (45| = 5By = o

<H’ ) is the expected value of the energy. There is another way to calculate the expected
value of an operator: sandwich it between the bra and ket of the state:

i) = wslitles =300 [ (D] () =m0 0 (3) - 09

This way of computing things is nice if you don’t happen to know the coefficients ¢; and/or
the eigenvalues of your operator ahead of time.

This might remind you of calculations of energies from a lower-division class. In terms
of position-space wavefunctions, you could also calculate the energy by “sandwiching” the
operator in between ©*(x) and ¥(z) via

R T R ) L Py (10

This is a perfectly valid way of finding the energy of the state |i5), but hopefully you see
that the calculation that we carried out was much simpler than writing out the entire wave-
function and carrying out the calculation of Eq. . This illustrates the utility of talking
about states and operators a little more abstractly.

What happens if you measure the energy of the state? You will never get (5/2)F;! You
will either get E; or 4F;, with equal likelihood (since the state was “half [1)” and “half
2)”). Here’s another warning about language: physicists will use F,ys and (H) to mean the
same thing, and they’ll call it a variety of things: expected value / mean value of the energy,
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1.2 PIB as a 2-State System 1 PARTICLE IN A BOX I: STATES & OPERATORS

expected value / expectation value of the hamiltonian, etc. All of it means the same thing.
However, you should keep in mind the following: The Hamiltonian is the operator. The
energy refers to either the expectation value of the Hamiltonian operator H, or
the result of a measurement of H. If the state is an energy eigenstate, then these
are the same, but in general they are not.

Now, on to L. As mentioned before, the matrix Lis Hermitian, and so L can be a physical
observable. Let’s look at the expected value of L separately for the two states |1) and |2):

A1y = (1 0) ((1) (1)) ((1)) —0
@) = (0 1) ((1’ (1)) ((1’) 0

Hmmm... does this tell us anything? Yes: the expected value of L, (L), is 0 for either energy
eigenstate |1) or |2). That doesn’t mean that we’ll necessarily get the value zero if we mea-
sure L. Tt just means that, if we had several different copies of the PIB, each in the state |1),
and we measured L a bunch of times, and then took the average of all these measurements,
we’d get the value zero. By the way, having “several different copies” of a quantum system
is often called having an ensemble of systems.

In general, the way you want to analyze a Hermitian operator is to look at its eigenval-
ues/eigenvectors. We need to find the eigenvectors of the matrix L (i.e., the vectors v such
that Lv = Av). To do so, let’s set up the eigenvalue/eigenvector equation

(0 ()=6) )

The eigenvalues of a Hermitian matrix are real, but that doesn’t mean that the eigenvectors
have to contain only real entries. In other words, since L is Hermitian, we know A is a real
number, but a and b can be complex numbers.

Equation implies b = Aa and a = Ab. Therefore, a = A\(\a) = M\a, and A = +1.
We’ll have to solve for the eigenvector (a b)T separately for each eigenvalue. First let’s look
at )\+ = +1

ig
<(1) (1)) (Z) = (+1) <Z> — [b = a] = Vv, = e_\/é (D is an eigenvector for A\, = +1
(18)
The eigenvector v defined in Eq. can in general have any complex phase, hence the
factor €. Normally in quantum mechanics, we choose the complex phase to try to minimize

the overall number of imaginary and/or negative numbers (so, let’s set ¢ = 0). Also, notice
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1.3 Generalization to oo Dim. 1 PARTICLE IN A BOX I: STATES & OPERATORS

that the vector has been normalized (the factor of 1/4/2), so that it can represent a physical
vector in the Hilbert space. v_ is similar, but with b = —a = —1 on the bottom entry (it’s
convention that it’s the bottom entry that’s gets the negative sign instead of the top entry...
the two are off by an overall phase ¢ = 7). Overall then, the eigensystem of Lis

1 /1 1 1
)\_;’_ = +1, Wlth V+ = — )\_ = —1, Wlth V_ = —=
V2 (1) V2 (—1>

Looking back on Egs. and , it appears that |1)g) is an eigenstate of L with eigen-
value +1, and |¢)p) is an eigenstate with eigenvalue —1. If we definitely have the state |ig)
at a certain time, and measure L at that time, then we will measure the value +1 with 100%
probability. However, just because we have the state at [ig) at one moment doesn’t mean
that it will remain as |¢)g) over time, and so when we perform the measurement will matter
in what we get for the measurement.

For any general state, if we make a measurement of L, we’ll either be left with [¢g) (if we
measure the value +1) or |¢)p) (if we measure the value —1). By looking again at Figure
it appears that a positive measurement of L is correlated with the particle being more likely
on the left hand side of the box, and a negative measurement with it being on the right. In
fact, it was called “L” to refer to “Leftness.” However, even if we take a general state [¢),
measure f}, and get +1, there is a lot we can’t say:

1. We don’t know that |¢)) was equal to |¢g) just before the measurement. Suppose the
particle’s wavefunction just before the measurement were |Vpefore) = Cs [s) + ¢p [¥p).
Then all we can infer with this measurement is that cg was nonzero. In other words,
(V5| Upetore) # 0 (i.e., the overlap between |tpefore) and |thg) was nonzero).

2. We don’t know that |1) will be equal to [¢)g) a finite time after the measurement. While
it’s true that the particle is in the state [¢g) just after the measurement, it will evolve
according to the Time-Dependent Schrodinger Equation, which will take the state of
the particle away from [¢g) since it is not an energy eigenstate. This is what the entire
next chapter is about.

3. We don’t know that the particle was ever on the left side of the box! In fact, you
have to learn to stop asking this question: the particle’s state is described by the entire
wavefuncton, and unless the whole wavefunction exists entirely on the left-side of the
box, you can’t say the particle is on the left side of the box.

1.3 Generalization to oo Dim.

Suppose the particle in a box had the three lowest energy states accessible. Then we have to
consider [3) in our basis, and the Hilbert space is 3-dimensional. Any vector (i.e., state) we
wish to describe can be written as

|¥) = c1 |11) + e o) + c3|p3)  (basis-independent)

19
W(x) = crihr(x) + coha(x) + csth3(x)  (wavefunctions as functions of position) (19)
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1.3 Generalization to oo Dim. 1 PARTICLE IN A BOX I: STATES & OPERATORS

Remember: these two equations are saying the same exact thing. It’s just that the second
happens to choose spatial position to represent the wavefunction, whereas the first equation
is left general. The basis we’re using for this vector space consists of three vectors: the three
lowest energy eigenstates. In addition to this, though, there is a also a separate choice for
how we represent each wavefunction. Another possibility for each 1;(x) is to write it in terms
of its Fourier Transform, (k).

It’s clear how to generalize the previous sections if n is any finite number: just include
the energy eigenstates up to and including n. But what if n is allowed to increase without
bound? Then the Hilbert space is countably infinite — write down Eq. , but include an
infinite number of terms. What is amazing is that, if you include all of the energy eigenstates
(not just |1) and |2), but all the way up to infinity), then any wavefunction ¢ (x) that you
can draw in between x = 0 and x = L can be written as a sum of these energy eigenstates:

(x) = crthr(z) + cata () + cstfs(x =) cathn( (20)

n=1

This is known as completeness of the vector space. It may surprise you that we are able to
reconstruct any (nice, reasonably well-behaved) function with just the collection of special
functions sin(k,z). The study of this and related facts is called Fourier analysis. Here, we
just so happen to be looking at the completeness of just the energy eigenstates, but remember
that the eigenstates of any Hermitian operator are complete!

For a concrete example of the completeness of the energy eigenstates, suppose you had
the following “sawtooth” triangular wavefunction:

Ar, O0<zx <L
saw — ’ 21
Yoan(2) { 0, otherwise (21)

To normalize the wavefunction we must choose A = €*#y/3/L3/? (and, for the sake of conve-
nience, let’s take ¢ = 0 so that the wavefunction is initially real and nonnegative). It seems
impossible, but we can actually write this function in terms of the energy eigenstates aloneﬂ
(i.e., just the sin(---) energy eigenstates ¢, (z)). The answer for this example is

—V6cos(nm)

wsaw chwn ) where Cp =

nm nm

The more terms we include in the sum, the better we approximate the wavefunction g, ().
Actually, it would require an infinite amount of energy to get the state ¥ (), which you
can confirm by doing the problem surrounding Eq. . This has to do with the fact that the
wavefunction is not continuous at z = L. This is (one reason) why you had the requirement
in your previous QM class that the wavefunction be continuous everywhere — the particle

8 As for how to do this, Griffiths explains how in both his Quantum Mechanics and Electrodynamics UD
textbooks. He calls it “Fourier’s Trick.”
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1.4 Chapter 1 Exercises 1 PARTICLE IN A BOX I: STATES & OPERATORS

would have infinite energy, otherwise.

For convenience, here is something you can copy-paste into desmos.com| to see how the

wavefunction looks depending on how many terms are included in the sum. The default in
the following is to include terms up to and including n = 5, but try playing with it:
\left\{x<0:0,x>1:0,\sum_{n=1}"{5}(-1) "{n-1}\cdot
\frac{\sqrt{12}}{\pi\ n}\sin\left(n\cdot\pilcdot x\right)\right\}
(I don’t think Desmos will accept a copy-paste from a smartphone or tablet, so you'll have
to do this from a computer). If copy-pasting isn’t working from this .pdf file (a browser’s
rendering of a .pdf file sometimes will introduce spaces into the text where they shouldn’t
exist), try copying the text given on the following website:

https://bshotwell.physics.ucsd.edu/QuantumPrimerPlots.html

Look for the stuff under “The Sawtooth Wavefunction Psi_{saw}(x) with n terms included.”
The other things are for plots that we’ll explore in Chapter [2]

N
N
N

—15 /\ — 15

Figure 3: The “Sawtooth” wavefunction g, () expressed as the sum of energy eigenstates
via Eq. , including 5 terms (left), 50 terms (middle), and 500 terms (right).

1.4 Chapter 1 Exercises
1. Show that ¢s(x) does not satisfy Eq. (), where

vs(a) = 5[ (@) + (o)
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Because this is true, 1g(x) is NOT a stationary state.

2. A general state in a 2-dimensional vector space can be written a couple different ways:

(a4 bi [ cosf
V) = <c+ di) OF  [9) = (ei‘l5 sin 9)
(a) What is the condition on a, b, ¢, and d (€ R) in order for |¢) to be normalized?
(b) Which way of describing the state do you think is better? Why?

3. Suppose you have the following kets:

1 ! 1 0

Remember: If a number is multiplying a column vector, it’s the same as multiplying
each term in the column vector by that number.

(a) For each wavefunction, find |¢;]? = (1;]1;). Is the wavefunction normalized?

(b) Find (,|1p) and (¢p|1h,). What is the relationship between the two?
4. Let 1 1
0ah= 5 () + 1) ) and 1) = 5 (1) = i) )
where [¢,) and |4,) are defined in Eq. (6). Are [¢4) and [¢p) the same physical state?

5. Our ability to represent operators in terms of matrices (given a basis) requires that all
operators are linear. A linear operator O satisfies the following relationship:

O(alis) +Bla) ) = aO ) + BO i) (23)

(true for any states |1;) and |1)9) and any complex numbers « and /3). Give an example
of a nonlinear operator for our 2-dimensional PIB.

6. Define the operator O for the PIB as follows:

O = (_OZ 6) (24)

(a) Find the eigenvalues and corresponding eigenvectors of this matrix. One of these
eigenvalues is positive and the other is negative — call the two eigenstates |+)
and |—), respectively.

(b) Write the state |+) in terms of |1) and |2).
(c) Write the state |1g) in terms of |[4) and |—).
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It turns out, if you start with a particle in the state |1)g) at time ¢ = 0, then the state
will look like one of these eigenvectors at time ¢ = 7'/4 and the other at time ¢ = 37'/4,
where T' is the period of the motion of the wavefunction (the amount of time it takes
for the wavefunction to return to |ig)). As for which is which, we’ll see how to do this
in Chapter [2|

There’s a shortcut to get the two eigenvalues of a 2 x 2 matrix A. It involves finding
the trace of a matrix and the determinant of a matrix:

TrA = All —|—A22 = )\1 +)\2
Det A = A11A22 — A12A21 = )\1)\2

(a) Use these equations to find the eigenvalues of the matrix D in Eq. .

(b) Find normalized eigenvectors for the two eigenvalues you found in part (a).

. How many real numbers are required to completely describe a general 2 x 2 Hermitian
matrix? What about a 3 x 3 matrix? Using these results, predict the number required
for a general n x n Hermitian matrix.

. Prove that the expectation value of a Hermitian operator is unchanged if the state
changes by an overall phase.

Rewrite L [as defined in Eq. ] in terms of outer products of energy eigenkets. Your
answer should have two terms — which term corresponds to the “1” in the upper-right
corner of the matrix L7

~

L [as defined in Eq. ] takes |0) — |1) and |1) — |0). Knowing this, what would you
expect the operator L? to do? Confirm by computing the matrix L.

. A projection operator is an operator P such that P? = P.

(a) Show that the following operator is a projection operator by verifying that P? =
Pli
= 1)1

Explain what you think this projection operator does. (in particular, why is the
word “projection” useful in this description?)

(b) As you may have already guessed, you can “project” onto any state of the system.
Write down the projection operator corresponding to the operator that projects
the state onto |¢g). Write this down both in terms of the outer product as well
as a matrix in the energy eigenstate basis.

¢) A projection operator doesn’t have to project onto a single state — it could also
J J g

project onto some subspace of your vector space. For example, take your vector

space to be the 3-dimensional space spanned by {|1),|2),|3)} (as described at the

Page 19 of
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beginning of Sec. ) Suppose you want to project onto the subspace spanned
by just {|1),[2)} via

P =11 +[2) 2] = (25)

O O =
O = O
o O O

Show that |1s) (¥s| + |¢¥p) (¥p| (where |1g) = (|1) +]2))/+v/2 is still the sum
of the first two energy eigenstates, and |1p) is the difference) is the exact same
projection operator by writing it out in matrix form and showing it equals the
matrix on the right side of Eq. . Why do you think this is?

13. The operators Hand L given in Eq. were given in terms of the energy eigenbasis.
Suppose, instead, we chose the basis formed by [¢s) and |¢p). That is, take

(a)
(b)

o) — () and fon) — (9)

Give the 2 x 2 matrix for L in this basis. Hint: it’s diagonal. What two entries
are required so that L |[ts) = +1|¢s) and L|yYp) = —1|1p)?

The Hamiltonian is not diagonal in this basis, since the basis vectors are not energy
eigenstates. Give the 2 x 2 matrix for H in this basis. Do this two ways:

i. Find H |1g) (and similar for H |1p)) by writing |1)s) in terms of [1) and |2),
acting the hamiltonian on these eigenstates, and then writing |1) and |2) back
in terms of |¢g) and [Yp).

ii. Take the expression for H in terms of the outer product, Eq. @, and rewrite
the energy eigenstates appearing in this expression in terms of {|¢g),|¢p)}.

14. The follgwing problem concerns the commutativity of operators. We’ll use the operators
H and L for this (where the operators are defined in Eq. )

(a)

Show that HL #* LH by writing out the matrices in the energy eigenbasis (i.e.,
in the basis where H is diagonal). For this reason, we say that these operators
do not commute. Since HL|¢)) # LH |¢), it matters what order you perform
the two measurements. Since operators multiply kets on the right hand side, you
should think of HL as meaning that the L measurement happens first, and then
afterwards the H measurement acts on the result.

Show that HL is not Hermitian. Of course, you could simply refer to the matrix
HL that you wrote out in part (a) to do this, but try to prove it independent of
writing out components (i.e., don’t write out the 2 x 2 matrix). This proof relies
on the fact that the two operators do not commute. For this reason, you can’t
represent two consecutive noncommuting measurements as a single measurement.

15. The following question concerns the wavefunction g (z) introduced in Sec. .
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(a) By setting the sum of the squares of the coefficients equal to one (with the coeffi-
cients defined by Eq. (22)), verify the following identity:

2
n 6
n=1

(b) If a particle is in the state ¥y (), what is the probability that a measurement of
the energy of the particle would be a value less than 10E; (where E} is the energy
of the lowest eigenstate of the PIB)?

(c) What is the probability that a measurement of the energy of the particle would
be a value greater than 50F,7

(d) Confirm that the (theoretical) state 1. () actually has infinite energy by looking
at the convergence of

Eor(H) =Y Eyc,| (26)
n=1

This is surprising considering you have a 60.8% chance of getting the ground state
energy if you measure the energy of the state!
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2 PARTICLE IN A BOX II: TIME-EVOLUTION

2 Particle in a Box II: Time-Evolution

The goal of this section is to solve for W(z,t) given ¢(z) = ¥(x,0) (equivalently, to solve for
|W(t)) given |¥(0))). You saw in the previous chapter that the Hamiltonian was the operator
corresponding to the energy of the state. That’s true, but we’ll see in Sec. that the
Hamiltonian has another important interpretation. Stated informally, the Hamiltonian tells
the state how it evolves in time. The formal statement is given by the Time Dependent
Schrodinger Equation, Eq. .

In this chapter, we will use the conventional notation that capital Psi (i.e., ¥(z,t)) has all
time-dependence explicitly written out, and lower-case psi (i.e. 1(x)) is a state at a particular
time (often ¢t = 0 by default).

2.1 General Time-Dependence

The Time-Dependent Schrodinger Equation (TDSE) is

H|T) = in2 W)
h* 0? 'ha\IJ
—%@\If(x,t) + V(z)U(x,t) =1 5% (z,t)

The first equation is the general version, and the second equation is the equation as applied
to the position basis (which you may have seen before in your lower-division course). The
second results from the first because the Hamiltonian operator can be written as a kinetic
energy piece (the second derivative operator) plus a potential energy piece (which depends
only on position for many problems).

For the PIB, V(z) = 0, but for this section we’ll leave V' (z) in to show the general result
(which doesn’t depend on the specific form of V(x)). The TDSE describes the time-evolution
of any wavefunction. When we say that something is a possible wavefunction, it must satisfy
the TDSE. A better way of thinking of it is that, given any initial wavefunction ¥(x,t = 0),
the TDSE describes what that wavefunction will do over time.

Suppose the wavefunction V(z,t), which must satisfy Eq. , is also separable:

W, t) = () D(t) (28)

(the ! means “we require”). If this equation happens to be true, then you can Showﬂ that
the two pieces ¥ (x) and ®(t) satisfy the following two equations:

IO @) + V@) = Bu@)

2m 0x? (29)
(I)(t) — efiE‘t/h

9A problem at the end of this chapter outlines how to do this, but it’ll almost certainly be covered in
detail in your UD QM course and it is not vital that you know the derivation right now.
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In these equations, E is a constant independent of x and ¢. It has units of energy. These two
facts strongly suggest that we interpret E as the energy of the wavefunction. The first line of
Eq. is the Time-Independent Schrédinger Equation. (Time-independent) Wavefunctions
Y (x) that satisfy this equation are necessarily energy eigenstates. These states undergo a
time evolution according to the following:

U(x,t) = p(z)e " BY" (energy eigenstates) (30)

This was the claim made towards the end of Sec. [1.2.2]; we now see where it comes from.

If we combine this fact with the fact that the energy eigenstates form a complete basis,
then we get the central result of this chapter:

U(z,t) = Z Cy n(z)e Ent/ | (any wavefunction) (31)

A general wavefunction does not split into a time-independent piece and a time-
dependent piece, but it can always be written as a sum of such pieces, each of
which is an energy eigenstate.

Remember one of the main points of the previous chapter: wavefunctions don’t have to
be represented with position-space wavefunctions. The form of Eq. makes it look like
the position basis is special, but it’s not... all we really assumed was that the state factorizes
into time-dependent piece times a time-independent state. The general version of Eq. is

(T(t) =D Cre g, (32)

As a reminder, the states [¢),) in Eq. must be energy eigenstates, even though we can
represent each eigenstate in terms of whatever basis is useful for the problem we’re interested
in.

The basis-independent versions of Eqs. are

H|v) = E )

@(t) _ efiEt/h (33>

2.2 Time-Evolution of |¢s) in PIB

Suppose we start off with the state [)) = |¢g) as depicted in Figure [1] at time ¢ = 0. Then,
according to Eq. , the state as a function of time is

Ws(0) = [ 1) B0 4 ) i, (34)

In principle, we are done, but perhaps it’s worth exploring some properties of this wave-
function. It’s the sum of two pieces, where the complex phase of each piece has a different
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angular velocity. The complex phase multiplying |1) has angular speed wy; = E;/k, and the
other complex phase (multiplying |2)) has angular speed wy = Ey/h = 4w;.

The angular velocity of the two pieces are wo, = 4w; and w;. Hence the overall wavefunc-
tion W(z,t) has oscillation frequency corresponding to angular velocity w = |Aw| = 3w;. In
other words, after a total period

B 21 B 27 B 27h B 4mL?

T

w 3001 3E1 3mh ’

the total wavefunction will return to its initial state. Why is this? Let’s explain why three
different ways.

(35)

2.2.1 Beat Frequency

It is a general property when adding together two waves of frequencies w; and w, that the fre-
quency of the overall wave envelope is |Aw| = |wy — wy|. This is known as the beat frequency.
One example of this is an analog clock: it has an hour hand with angular frequency wy (one
revolution per 12 hours), and a minute hand with angular frequency 12wy (one revolution per
hour). How often does the minute hand line up with the hour hand? That is given by the
beat frequency, 11wy. It happens 11 times every 12 hours, or once every 12/11 hours. If both
the minute and hour hand start at 12:00 noon, then they’ll line up again after 12/11 ~ 1.0909
hours, or at approximately 1:05 and 27 sec (just after 1 o’clock).

Likewise, we have two contributions to the total wavefunction (the two terms in Eq. (34)),
which are moving with two different angular frequencies (wy, and we = 4wy ). Both complex
phase pieces start out at 1... when do they line up again? It’ll be after one period of the
beat frequency. After this amount of time the two complex phases will be the same. This
doesn’t mean that they will be real numbers, but that they will have the same angle in the
complex plane. This angle, as we'll see in the next section, is 27/3 for the “slow” term and
87/3 for the “fast” term. Note e=87/3 = ¢=2me=27/3 — ¢=27/3 and so these two phases are
the same. There is zero relative phase between the two terms at this time. Remember the
overall phase of e~2™/3 is unphysical, and so e=2™/3 |s)5) is the same state as |1)g).

2.2.2 Race along a Circle

This is basically the same as the “beat frequency” discussed in the previous section, but done
through a visual representation of the complex phase.

Two objects, a slow blue dot and a fast red box, are running around a circle over and
over again. They both start at the same spot on the circle at ¢ = 0 (on the right side of the
unit circle) and move clockwise. The red box moves at four times the angular velocity of the
blue dot. Suppose the time it takes the red dot to go once around the circle is T5:

What is the first time ¢ > 0 when the two objects line up again? We know it’s sometime
between Ty and 1.5T5: at time t = T, the red box has undergone one full revolution, but it
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Figure 4: The phase of each component of |[¥5(t)) for three times. The blue circle corresponds
to the term with energy E, and the red square corresponds to the term with energy Ey = 4F;.
The red square has four times the angular speed as that of the blue circle.

has not yet “caught up” with the blue circle. At ¢t = 1.575 though, the red box has undergone
one and a half full revolutions, and the blue circle has done 3/8 of a full revolution, so the red
square has already passed the blue circle. After thinking about it a while, you can convince
yourself the two objects line up at t = Ty 4+ T5/3 = 475 /3: the red square is 1/3rd of the way
around its second revolution, and the blue circle is 1/3rd of the way along its journey in going
across the bottom-left quadrant. At this time, both objects are at an angle 120° = 27 /3 with
respect to the real axis as measured clockwise.

4 2 4 27h  Swh 2mlL?  4mlL?

4
N t N —T = — . —_— — . — . pry
3Ty T3 B, T 3 aemr . 3nh

T v (36)

Obviously this guess-and-check method doesn’t easily generalize, but it’s worth seeing the
complex phase in the complex plane.
2.2.3 Algebraic Calculation and |¥g(z,t)|* over time

Another way to see how the beat frequency wy — wq arises is by taking Eq. , factoring
out a exp(—iwt), and rewriting the state with a different overall phase:

(Ws(t)) =

2 [’D e—iwlt + ’2> e—iOJQt]

677,'0.)1t

1) +12) (’] (37)

2

Sl sl Sl

1+ 12) <>]
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2.2 Time-Evolution of |1g) in PIB 2 PARTICLE IN A BOX II: TIME-EVOLUTION

To get a sense of what this wavefunction looks like, let’s look at the state and the prob-
ability density in the position basis. Define w = |Aw| = wy — wy:

Ws(1) = <= [01(2) + galw)e™ (38)

V2
Note the imaginary component is nonzero for almost all times. For example, after a quarter
period (t =T/4 = 7/(2w)),

Ws(a,t = T/4) = —= [ (x) + al@)e “(B)] = [ (@) — ia(a)

V2 V2

Hopefully you can forgive the author of your Modern Physics textbook for making it appear
as though the wavefunction i (z) can always be real. In general it cannot for states that
are not energy eigenstates, since the complex phase factors exp(—iw,t) multiplying different
eigenstates |1,,) have different phases.

You can get a sense of what the wavefunction is doing over time by looking at the proba-
bility density |¥g(x,t)|>. In addition to giving us a sense of “where” the particle is (roughly
speaking), the quantity is strictly real (and nonnegative). Let’s compute it for the state

Us(z,t) in Eq. (33):

(o O = W3l (a6 = S[65(@) + v3()e™] [0r(2) + vaa)e]

Ir
2
[ + 9@ + a7+ )] (39)
-3
s

1 ()2 + va(2)? + 20 (@) () cos(wt)|

Plug the explicit form of ¢;(z) and s (z) (i.e., Eq. () into Eq. to get the following:

W (z, 12 = % [sinQ (”—;) + sin? (2%“’> +sin (%) sin (?) cos(wt)] (40)

For convenience, here is something you can copy-paste into desmos.com| to see how the
probability density evolves over time (taking L = 1). Set the slider “t” to go from 0 to 1
(which is one full period), and have the step size be 0.01 or 0.001; as the animation goes
from t = 0 to t = 1, you can get a sense of how the probability density moves over time.
If copy-pasting isn’t working from this .pdf file, the text is also here (again, this probably
won’t work from a tablet or smartphone, and you’ll have to copy-paste from a computer).

\left\{x<0:0,x>1:0,\sin\left (\pilcdot x\right)\cdot
\sin\left (\pi\cdot x\right)+

2\cdot\sin\left (\pilcdot x\right)\cdot

\sin\left (2\cdot\pilcdot x\right)\cdot

\cos\left (2\cdot\pilcdot t\right)+

\sin\left (2\pilcdot x\right)\cdot

\sin\left (2\pilcdot x\right)\right\}
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2.3 Chapter 2 Exercises 2 PARTICLE IN A BOX II: TIME-EVOLUTION

Recall the problem last chapter dealing with the operator “O” (Eq. ) [if you haven’t
looked at and/or attempted this problem, you might want to now|. If you start with state
|1s) at t = 0 and wait a quarter of a period, you’ll get the state |4), and if you want another
half a period (so, t = 3T'/4 overall), then you’ll get the state |—). If you compare this with
the animation showing |Ug(x,t)|> over time, it appears that the operator O is measuring
a kind of velocity of the wavefunction of the particle: a positive measurement of O (with
corresponding state |+)) corresponds to the probability density moving to the right, and a
negative measurement of O (with corresponding state |—)) corresponds to the probability
density moving to the left.

It’s dangerous to take the last paragraph too seriously: the operator O is not a definite
measurement of the velocity of the wavefunction (or of the particle). The main reason for
this is that the operator O is not the momentum operator. However, even if we forget about
the momentum operator, we can explore another reason why there is a problem associating
O with velocity. Pretend you have the state [1s) (the state at ¢ = 0), and then immediately

measure O. Because L 1
+1 —1
o) = () 1+ (F5) 10

the result of a measurement of O on |¢g) will be |+) with 50% probability and |—) with
50% probability. This runs counter to intuition for a couple of reasons: How could the
wavefunction be moving to the left if in the state |¢s)? (it seems to be as far left as it
possibly could be.) Also, the wavefunction is momentarily “paused” when in the state [i)g),
so you would expect the velocity at this time to be zero. In fact, you would never measure
zero for the “velocity” with this interpretation!

2.3 Chapter 2 Exercises
1. This problem will focus on the steps required to get from Eq. to Eq. :

(a) Plug the ansantz [that is, Eq. (2§)] into the TDSE, Eq. (27)). Move all the terms to
one side of the equation, divide by ¥(x,t) = ¢ (z)®(¢), and simplify. You should
be left with an equation where entire terms depend either only on x or only on t.

(b) Based on part (a), you can write your equation as f(x) + g(t) = 0, where “f(x)”
involves x and derivatives with respect to x but makes no reference to ¢ (and
similar for g(t)). If this equation is to be true for all  and all ¢, this means that
f(z) must equal a constant, and also that g(¢) must equal a constant. Explain
why this must be true.

(c¢) In part (b), you explained why f(z) = F and g(t) = —FE (that is, the constants
must be equal and opposite, since they must add up to zero). Solve the latter
equation for ®(t). Is your answer unique? Why can we just write it as in Eq.
(with no constant of integration)?

2. The analysis in Sec. focused on [¢g), which at t = 0 is equal to (|1) + |2))/v/2.
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2.3 Chapter 2 Exercises 2 PARTICLE IN A BOX II: TIME-EVOLUTION

Suppose, instead, that you have the state [¢53) at ¢ = 0, defined by

i = =120~ 13)]

(a) Find an expression for |Wos()). What is the first time after ¢ = 0 where the state
is equal to |tg3)?
(b) Find the wavefunction Wo3(x,t) and the probability density |Was(x,t)|* in the

position basis.

3. Suppose you had a state at time ¢t = 0 comprised of an arbitrary linear combination of
two distinct (m # n) eigenstates:

[Ymn) = Cm [m) + cn [n)
as always, |¢) reters to the ¢"* energy eigenstate of the .
1 ) ref he 48 i f the PIB

(a) Find |¥,,,(t)) and (V,,,(t)|]. Do not use the position basis.

(b) Find (U, ()| Vs (t)) and verify that it is independent of time. If the state |¢n)
(at t = ()) was normalized, what is the value of (U, |W,,,)7

(c) Find the probability density (in the position basis), |¥,,,(z,t)|?. You may use the
basis wavefunctions 1,,(x) and 1, (z) in your answer.

4. Given the state |¢)g) at time t = 0, find (L) as a function of time, where L is the
“Leftness” operator defined in Eq. (13).

5. To see just how crazy a general wavefunction can get, we'll look at gy (z) from last
chapter. The overall wavefunction has an infinite number of terms, so let’s define

L

nim nm

P ° —/6 cos(n)
= chwn , Wwhere ¢, =

n=1

Drawing inspiration from the Desmos input text following Eq. , create an animation
that shows the time-evolution of ]\IJSZ; ) (x,t)|*. The intention is NOT to solve for the
probability density analytically — use a computer algebra system like Mathematica or

similar to do the algebra, and then graph the result.ﬂ

°Q0bviously there are lots of ways you could choose to do this, but if you do use Mathematica, I would
suggest using the “ComplexExpand][...]” function to simplify complex expressions. Also, if you want to
output anything from Mathematica into Desmos, highlight the final output, copy it as “LaTeX,” and paste
it into Desmos.
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3 SOLUTIONS TO EXERCISES

Solutions to Exercises

I probably would have ignored the following advice when I was a student, but I'll put it here
anyway: you will get more out of the exercises if you struggle with them for a bit first, before
reading the solution.

3.1

1.

2.

3.

Chapter 1 Solutions
Plug in ¢g(z) into Eq. (2)), and write ¢g(x) in terms of ¢;(z) and 1s(z):

T CHUTER) EE CHAER)
A o ) o () £ o () o (5
s o () v ()] on () o (%)

There is no constant E for which the above equation is true for all # € [0, L]. Therefore,
the wavefunction 1g(x) is not a solution to the T.I.S.E.

+

(a) The inner product (1|1)) must equal 1 for the state to be normalized:

1= (a—bi c—di) <a+b?)=a2+b2+62+d2 — [+ +P =1
c+di
(41)

(b) Of course, this problem is subjective. However, I bet if you asked several physicists,
the majority would say that the second representation is better (the one described
with 6 and ¢). The reason for this is our desire to introduce the minimal number of
parameters necessary to describe the state (2, vs. 4 with constraints). Notice how
the state with (a — d) appears to have 4 real degrees of freedom (d.o.f.). However,
subjecting the state to the normalization condition Eq. reduces this down to
3 d.o.f., and there is another redundancy due to the fact that the overall phase
is irrelevant. The state with only # and ¢ makes the fact that there are only 2
d.o.f. readily apparent: 6 describes how much of the state is [1) vs. how much of
it is |2), and ¢ describes the relative phase between the two. This is the minimal
amount of information required to completely describe the state.

(a) The wavefunction [¢);) is normalized if (1;]y;) = 1:

?

1, . 1
<wa‘¢a>:§(—2 1 1) 1 :§<1+1+1):1\/
b1 %b 3 y 5 2
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3.1 Chapter 1 Solutions 3 SOLUTIONS TO EXERCISES

Therefore, [t/,) is normalized but |t;) is not. If the “1/4/3” in [t/) were replaced
with 1/+/5, then [1) would be normalized.

(b) In general, (,|vp) = (Yp|the)”. For these particular states,

0

<%WQ=%F¢11) 1 :%@+L40:1;m
~2i

i
(0 1 +2i) |1 :1(0+1+2¢):
] 3

L2 o) v

W

<¢bW)a> =

4. Plugging in for |¢,) and |vy),

a) = % (ﬁi) and  |i5) = % (1gi)

|tha) and |1p) are off by an overall phase, and are therefore the same physical state.

5. There are an infinite number of answers to this question. One possibility is an operator
which takes the state |1) into the state |2) | (1]1) |2. Let’s plug this operator into both

sides of Eq. (23)), with |¢1) = [¢2) = |1):
O(alvr) +B8luz) ) = Ol(a+B) 1) | = o+ B2 [2)
a0 [y1) + O [¢n) = a|2) + B[2) = (a + §) |2)

In general these are not equal, and so the operator is not linear. For (counter)example,
if « =1 and B =i, then |a + §|? = 2, whereas (o + 3) =1 + .

6. (a) Let’s set up the eigenvalue/eigenvector equation as in Eq. (17):
0 72\ (a a
(% 0) () =)

This gives the two equations bi = \a and —ia = \b = —iN’a == )\ = +1.
Solving each eigenvalue/eigenvector equation separately gives

Ay = +1, with |+) = % (EZ) A= —1, with |-) = \% C) (42)

(b) Note we've already done this... the states |+) and |—) are already written in terms
of |1) and [2) in Eq. (42). From this equation, we can read off the answer:

1 1 1 1
=2 (1) =55
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(c) Let’s solve this two different ways. There’s the brute-force way, solving a system
of equations by writing everything in terms of the energy eigenbasis (Solution #1),
and the “elegant” way (Solution #2).

The second solution is “elegant” because it’s a method that generalizes to different
kinds of problems, utilizing the fact that the bases we work with are orthonormal.
Do not ignore Solution #2, even if you understand / like Solution #1 better!

Solution #1:

Since we know what |is), |+), and |—) all look like in the energy eigenbasis, let’s
set up the equation relating the three in this basis:

[Ys) = o |+) + e [=)

% G) = w% (_1@) + c_% (1) (43)

This gives two equations for the two unknowns ¢, and c_:
1= Cy +c_
1= —icy +ic_

Take the first equation in Eqgs. , multiply the equation by —z, and add it to
the equation immediately following it:

(44)

141

—1 + 1= —2?:C+ — Cy =

|
~.

> (C_ =

141 1—2
) = () 1+ () 1
Solution #2:

In this solution, we start with the relationship between |¢g), |[4), and |—) (the first
line of Eq. (43)), and multiply on the left by (+| to get the coefficient cy. Also,
multiply by (—| on the left to get the coefficient ¢c_. Note that, since {|+),|—)}
constitutes an orthonormal basis, we know immediately (+|+) = 1, (—|—) = 1,
and (+|—) = (=[+) = 0:

[¢s) = e [+) + e |=)

(+lops) = e () + e (+|-) =

)
alt

This gives

cr = (+s) =

) (45)

N)Ir—\ [\DI»—t

likewise, c_ = (—|yg) =
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1+i 1-:
therefore, again we see | [1)g) = ( +Z) |+) + ( Z) =)

2 2
12
v-(2 %)

(a) The trace is (1) + (—2) = —1 and the determinant is (1)(—2) — (2)(2) = —6. So
we are looking for two real numbers A\; and Ay such that

7. Recall

)\1 -+ )\2 =-1 and )\1)\2 =—6

This has solution ‘)\1 = —3‘ and ‘/\2 = +2‘ (which one is which doesn’t matter).
(b) For \; = =3,

1 2 a\ (—3a a+2b=—3a ay 1 1
6 2)0)-() = L5 = [0 -# ()
Note the choice of eigenvector is not unique... all that matters is that 2a + b = 0.
I chose the overall normalization so that the state was normalized and so that the
first entry was real and positive. This isn’t required though — if you had —1 and
+2 in the top and bottom entries of the column vector, that’d be perfectly fine.

It’s probably a good idea to get in the habit of normalizing each vector, though
(hence the factor of 1/4/5). For Ay = +2,

6 2)0-6) = L = 10-%0)

8. General 2 x 2 and 3 x 3 Hermitian matrices can be written as follows:

. ot ani by by + bsi bs + bgi
A2><2 = (CL —1afz' 2 a 3 > and ngg = bg — bgi b4 b7 + bgi
20 4 bs — bei by — bgi be

A general 2 x 2 Hermitian matrix requires 4 real numbers, and a general 3 x 3 Hermitian
matrix requires 9. It would appear then that a general n X n Hermitian matrix can
be described with n? real numbers. In fact, this is not difficult to prove by induction:
notice the addition of a new row (going from n to n + 1) requires an additional 2n + 1
real numbers, and n? + (2n+ 1) = (n + 1)

9. First, observe the following:

(1) = (109) ()" = e

Where you put the exp(—i¢) doesn’t really matter since it’s just a number. However,
it’s important to note in general when you take the Hermitian conjugate of a product
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10.

11.

12.

Chapter 1 Solutions 3 SOLUTIONS TO EXERCISES

of operators that you switch the order. That is, (AB)" = BYAT. Also, for a number,
taking the “dagger” is the same as just taking the complex conjugate (the transpose of
a number is just the same number... the number is like a 1 x 1 matrix). Let’s look at
the expectation value of the operator O on the states |4) and €™ |¢)

<O>|¢) = <¢’O|w>
Oy = (1) ) O (e 10 ) = (sl %0 ) = (] 0 ) = (WIOlw) v

Note that we were able to “commute” (switch the order of) exp(i¢) and O since the
former is just a number. If it were a matrix (a general operator), you cannot do this in
general unless the two things you're swapping commute. By the way, a number in QM
is sometimes referred to as a c-number, but this term is kind of outdated. It stands for
“classical number,” but you can also think of it as meaning “complex number.”

I:, as defined in Eq. , is an operator that does the following:

(0 6)@)=0) = tm=n
(o) ()=o) = 2m=n

In other words, the operator L takes [1) to |2) and |2) to [1). In terms of outer products,
this statement is A

L=12) (1] + 1) 2|
The “1” in the upper-right hand corner of the matrix L is the entry that takes |2) to
|1). This is the term |1) (2| in the outer product.

L*|1) = L|0) = |1) and L?|0) = L|1) = |0), and so we would expect L? = 1,5 (the
identity matrix in two dimensions). If you multiply out the matrix, you can confirm
this is true.

(a) P? = (|1> (1| ) ( 1) <1|) = 1) (1]1) (1| = 1) (1| = P, v This projection operator
“projects” onto the state |1) (i.e., it outputs only the part of the state that overlaps
with [1)).

(b) Via the outer product, this is easy: P = |¢g) (¢g|. Writing this out as matrices,

1 1 1/2 1/2
P=50 1 (1) - (1?2 1?2)
(c) In this 3-D space, ()s| = (1 1 0)/v2and (¢p|= (1 -1 0)/v2:

1/2 1/2 0 1/2 —1/2 0 100
i) (Ws| + |vp) (Wp| = 1/2 1/2 0] +|-1/2 1/2 of|=[0 1 0] v
0 0 0 0 0 0 000

This is not too surprising, since {|vs) , |¢¥p)} & {|1),]2)} span the same subspace.
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(a) Because the basis vectors |1)g) and |¢)p) are eigenvectors of L, the matrix is di-
agonal. A diagonal matrix has its eigenvalues as entries (here, 1 and —1). The
matrix L must be

(b)

r= (0 5)

Note that, if [¢)p) were instead the column vector (1 O)T (with a 1 on the first
entry rather than the second), then the —1 entry in L would instead go on the
upper-left corner.

i. Let’s see the action of H on |ig):

ii.

i) = B (10 +12))

(Bxl)+ E212) )

1

5= (10s) + 100} ) + Ea—s (105) = 0] )]

— (52 e+ (252w

Rewriting this equation in terms of matrices (in this new basis) gives

() (0) = (%57) )+ (27) ()

Hy, _ 2
Hy, FE, — FE,

2

I
SRl

Likewise, acting H on |p) lets you solve for Hiy and Hyy (with a similar
derivation to the above... work this out yourself to ensure you understand the
above!). Overall, then, the hamiltonian in this basis is given by

E,+E, E,—E,

2 2
H =
FE,—FEy FEi+ Es
2 2

The other suggestion for how to do this is via the outer product. This way
is easier — simply take the Hamiltonian as expressed in Eq. @D and write the
energy eigenstates in terms of the new basis states:
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H =B 1)1+ B 2) 2
= (ks + o) ) (sl + (ol )] + 2 [ (1) — o) ) (sl — (ol )]

(B + B N FEy — E,
B 2 2

These four terms (in the order they appear, left-to-right) give the values of
HH, HQQ, H12, and HQl, respectively.

[vs) (¥s| + |¥p) (¥l

¥s) (Unl + vp) <wsr]

14. (a) Multiply the two matrices both ways to show they aren’t the same:
. (E, 0\[0 1\ [0 B
= (v ) (0 o)= (2 )
s (0 1\ (EL 0\ [0 B
= (10) (0 2)= (s )
Because F; # E,, these two matrices are not the same, and HL #* LH.
(b) (HL)" = L1A' = LH # HL, and so HL is not Hermitian.

15. (a) This is a one-liner:

2
-~ V6 = 6 6 w— 1 .1 7x?
2 n—1 . _ _
1—Z’Cn| =D (DT =Y =) 5 = (D = |V
o nmw —nm T = —n 6

(b) Only the lowest three energy eigenstates have energy less than 10E; (note E3 =
9F; and Ey = 16E;). Therefore, the probability a measurement of the energy will
return a value less than 10F; is the sum of the probabilities that the state is in
one of the energy eigenstates 1), |2), or |3):

(Prob), 3 = Z leanl? = <_ 212 + 312> ~

(c¢) This is a similar calculation to that in part (b):

1 1
(Prob), s = Z\cn|2—1——(1—2 5+ +72) 8.1%

(d) Each new term we add in the definition for 1)g(z) adds a constant amount of
energy (6/7%)E; to the state, and so the expected value of the energy diverges:

E or (H) = iEn]cnP = i <n2E1> (an2) — +00
n=1 n=1

This is perhaps not too surprising if you try graphing the state with a large number
of terms (1000 or so) — the wavefunction seems to go a little crazy near v = L. Of
course, this is because of the discontinuity in the wavefunction at this location.
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3.2 Chapter 2 Solutions
1. (a) Guess the separable solution V(z,t) = ¢ (z)P(¢):

_%aa—;\lf(:c,t) +V(2)¥(x,t) = iﬁ%‘l’(%f)
_%q’(t)aa_; (2) + V(2)(x)D(t) = ihw<x)%<1><t)
I (t) ) + Vi) () — i) (1) = 0
—%ﬁj—% (z) + (x)l—ﬁﬁ (1) =0
_ @) =4(1)

(b) Let’s focus, without loss of generality, on f(x). It explicitly depends only on x
and not on t. However, it can’t depend on z: if it did, then so would ¢(t) in order
for the two terms to sum to zero. This is not true by assumption: g is a function
only of t. Therefore, f(x) must equal a constant.

(c) Set g(t) = —F, and solve by separation of variables:

—ih d® dd 1B ,
- = F = —=_——(dt = ®&(t) = D(0 —iEt/h
o dt o h (t) = 2(0)e
The constant of integration, ®(0), can be set to 1. The reason for this is that
the overall multiplicative constant can be absorbed by #(x), and set when the

wavefunction is normalized.

2. (a) Tack on the energy-dependent complex phase for each piece:

[Was(t)) = % [e-“f?f/ﬁ |2) — e~ iFst/h|3) }
— % [8—41'E1t/h 12) — o9t/ |3>}
— %e—MElt/h [ 2) — o5t/ |3>}
o~ % [ 12) — o 5iB1t/h ’3>]
The beat frequency and period are given by
w=|Aw| = 5—? = 25;_2;2 and T = ‘ZL’ _ 475::222 _ 4;7;[7;2

(b) |Was(t)) and |Was(x,t)|? are basically given by Egs. and (40), but with beat
frequency w = w3 — wy, 17 replaced with 15, and 1) replaced with —)3:

5[t = vatare]

Wy, ) = 5 [ + 3(0)? — 2 () () cos(ot)|

\1123 (Z’, t) =
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3. (a) |Un(t)) = cme™®mt m) + ce™™nt |n) and (U,,,(t)]| = (m]eT™mtict + (n|et@ntcr.

(b) Note (m|n) = (n|m) = 0 since we are told m # n:

(o ()W (0)) = (((ml ¥, + (n] 0l ) (eme™ ! [m) + cqe ™ n) )
= |em|* + |en]* v (independent of time)

If the wavefunction were initially normalized (as it should be it be called a proper
wavefunction!), then |c,,|* + |c,|? = 1. Therefore, the value of (¥|¥) remains 1

over time.
(c) This is similar to the expression in part (b), except it doesn’t quite simplify as
nicely since we don’t know the coefficients ¢,, nor c¢,,:
Uy (2,1) = cppe i), (2) + cpe™ ™, ()
|\Ijmn(mvt)|2 = |Cm|2¢m(‘r)2 + |Cn|2¢n(x)2
- (Chene @ e Y () ()

4. Although the wavefunction is initially an eigenstate of L (with eigenvalue 1), it is not
in general after some time evolution. We know for a fact that after half a period the
wavefunction is in the state |1)p), which is the eigenstate of L with eigenvalue —1, so
our final answer had better be consistent with this fact.

The strategy is to take the wavefunction at a general time |Wg(t)), write the ket out
as a column vector, and compute (L) explicitly via matrices much like Eq. 1)

The general wavefunction |Ug(t)) was given in Eq. (37). We'll write it again here as a
column vector in the energy eigenbasis:

(1) = solthws(o) = 5 0 =) (7 5) ()
1
5

o ()

1 . .
=35 (e’“t + e““’t) = | cos(wt)

Indeed, our answer is consistent with the fact that it starts out at 1 at ¢ = 0, and is
equal to —1 after half a period. Remember that the period here is given by Eq. .

5. It’s surprising how chaotic the wavefunction gets with only 5 terms! Just imagine what
50 or 500 is like. The final Desmos input you can use to view the animation is a little
too long to be printed here, but it can be found at the following link:

https://bshotwell.physics.ucsd.edu/QuantumPrimerPlots.html
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